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MATHEMATICS

«THE LARGE SIEVE»
By U. V. LINNIK
(Communicated by I. M. Vinogradoff, Member of the Academy, 2. X 1940)

1. From Viggo Brun’s investigations we know that if from the

numbers 1,2,... X we delete %k classes of residues to every prime
modulus p; under the condition - _
t<p<VyX (1)

the number of remaining numbers will not exceed
X
€y (k) n*x
¢, (k) being a constant depending on k only.

This method, however, is not applicable to the estimation of ‘the
number of remaining numbers, if we delete not a constant number %

“of classes of residues for every p;, but f(p;) classes of residues (mod p;)

where f(p;) increases with p;.
We shall here discuss this question with a view to give some further

applications to the theory of primes. We shall call the described opera-

tion «the large sieve».
9. Theorem I. Suppose that we are given Z different integers

My, Ms, Mz between 1 and X. Consider- all primes p; between 1 and ]/X—
fsgn s n (1)

Let, further, @ function f(p) be given, which is positivé for p >0 and
satisfies the condition [(p)< p. Denote the min M, pi running over (1),

by tx>0. Then for every prime pi from (1) between the numbers
Mi(i=1,2,...,Z) there are at least pi— f(pi) distinct classes of residues
(mod p;) with a possible exception of not more than

: X : !
numbers pi- _ i
Example. Let Mi(i=1,2,...,%) be primes; M;= pi, j(p); x,

14
then <x— . and ¥—80X%InX for sufficiently large X.
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Theorem 11 (a consequence of 1). [f we delete from the numbers
1,2, ..., X the f(p) classes of residues 10 each of Y arbitrarily fized
moduli p; under (1), the number of remaining numbers will not exceed

X
Z < ZGTtT——fYY :

| Proof. Consider the sum S(m):éezmﬂ‘@. Then we have
j=1
1
\ IS @ pda=2. (3)
0
Let p be one of the p; and &= ZS;fX .. We form. the integral

§ p—1

Ip:igﬂs(%jLn) fax ' (4)

The integrand can be written in the form
‘ p-1 Z (Y '
SR Y 21:1(54,1)()113-—1\4“,-,)
2 2° ‘ ;
y=07,j"
Changing the order of summation and effectuating it, we. find it to be

equal to
p X

. Mj—Mij{mGd ») reh .
where j and ;' run so that M;— My=0 (mod p). Let &, &, ..., s be
all distinct residues (mod p) of the numbers My, ..., Mz, and let E; occur
among these numbers a; times, £, occur ag btimes, ... & occur ds times,
0 that a;+as+ ... +as=2Z. We have further ;

gk M j=Mye) =P > 0

2TTR

| ; N ; —_— | e
eminMy=My) -] < | " —1 E<T6':X

|x| being less than &, so that we can write
T, > plait .. +at) (t—f5ex ) -

Next we apply Schwarz’ inequality in the form

(ai_}_ag_%_”_%_ag);(f_li';iﬂ?f:%z

and find
Tp>zzgun7%zx>.
Substituting into (4), we get
I,> 22 (1—57x ) - (5)
Now let us consider the numbers p;, for which there are less than
pi — f(pi) distinet residues (mod pi) between the numbers M;; for such
a number p we have
P _ i (p)
TR | e T Beeti
P

s< p—f(p);

@ |
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so that i
I,> %2t (A +ex) (1o ) > 22 (1455x) -

Introducing now

&
L=Lp— S ()" dx (6)
Risg :
we can write
1
(IS@Fde= 31, (7)
0 bl ;

the summation being extended over Y primes mentioned above. In fact,
the integrand is positive and the sets, over which the integration extends,
do not intersect for

fi,ij; 1
2

noP P1Pa

z and y being not equal to zero. Now using the obvious ineqﬁalitj
5

{15 P dx < 282¢,

-8

1
> >2

we get from (6)
I, > 22t [(1+%=x) —1] —3Zy;

substituting it into (7), summing over Y primes p and using (3), we get

[ Y — Ex
7 = YiZ*tx; 8—2-—‘0“:1_.
20nX
Hence Y < =V AL q.e.d.
Qtekloff Institute of Mathematics. Received
Leningrad. 29. X. 1940.
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