THE THUE-MORSE AND RUDIN-SHAPIRO SEQUENCES AT
PRIMES IN PRINCIPAL NUMBER FIELDS

S. DRAPPEAU AND G. HANNA

ABSTRACT. We consider a numeration system in the ring of integers Ok of a number
field, which we assume to be principal. We prove that the property of being a prime
in Ok is decorrelated from two fundamental examples of automatic sequences relative
to the chosen numeration system: the Thue-Morse and the Rudin-Shapiro sequences.
This is an analogue, in Ok, of results of Mauduit-Rivat which were concerned with the
case K = Q.

1. INTRODUCTION

1.1. Digits and multiplicative structure. The present work is concerned with the
interaction between the additive, multiplicative, and numeration properties of numbers,
which is a reccurrent motivating theme in analytic number theory. The recent years, a lot
of progress has been made on our understanding of digits of multiplicatively constrained
integers (e.g. primes): see [20] 19, [1T], 44, 45], 28| [14] for sum of digits of primes in residue
classes, [29, [7, 65] for primes with restricted digits, or [43] 15, 17, 46} 16] for digits of
polynomials. Here we are interested in two particular digital functions (defined in terms
of digit expansion), the sum-of-digits function

sq(n) = Z bj 1fn: Z quja bje{oﬂaq_l}

0<j<J 0<j<J

and the Rudin-Shapiro sequence

r(n) = Z bjijrl ifn= Z bj2j, bj S {O, 1}
0<j<J—1 0<j<J

Given a fixed integer m, the functions n — s,(n) (mod m) and n +— r(n) (mod m) are
two particular instances of automatic sequences, and it is predicted by Sarnak’s Mobius
randomness conjecture [60] (in one of its lowest complexity case) that they should not
be correlated with integer factorization, in the precise sense that the Mobius function
should have average zero along automatic sequences. For the sum-of-digit function, this
expectation goes back to conjectures of Gel'fond [2I]. This question was solved, in a
strong quantitative form, by Mauduit and Rivat [44] for the sum-of-digit case, then by
the same authors [45] for the Rudin-Shapiro case; and finally the full Sarnak conjecture
for automatic sequences was proved by Miillner [51I]. The arguments in [45] are one of
the crucial inputs in [51].

1.2. Digits of integers in number fields. Our aim is to take up the study [45]
and explore the corresponding questions in number fields. Let K/Q be an algebraic
extension, and Ok be its ring of integers. We endow Ok with a numeration structure,
in the following way.
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2 S. DRAPPEAU AND G. HANNA

Definition 1. Let ¢ € Ok ~ {0} and D C Ok be a set of representatives of Ok /(q).
We call the pair (¢, D) a number system with the finiteness property (FNS) if:

— 0€D,

— the Galois conjugates of ¢ have moduli larger than 1,

— every n € Ok has an expansion of the form n = > o<, bjq’, where b; € D.

We make a small account of works on these systems in Section below; see also
Section 3.1 of the survey [4] for a discussion in the broad context of numeration systems.

The smallest J € N>¢ such that b; = 0 for j > J will be called the length of n. The
simplest non-rational example is the case K = Q(i), ¢ = —1+1, and D = {0, 1}; see [37,
p. 206]. We make an account of existing works on number systems relevant to our case
in Section below, and refer to [4] for more references on this topic.

Our aim is to show that this numeration structure does not correlate with the multi-
plicative structure of Og. We will assume, throughout, that O is principal, so that it
is a unique factorization domain. We present our results in the representative cases of
the generalized sum-of-digit and Rudin-Shapiro functions.

Define, for all n € Ok, the sum-of-digits function s(n) = s,p(n) as

(11) Sq,p(n) = Z bj if n= Z quj, bj eD.

0<j<J 0<j<J
Several aspects of this function have been studied in the past: asymptotic formula
for the mean-value and fluctuations in its the constant term [26, 68], equidistribution
modulo 1 [25], central limit theorems [24], [41], and equidistribution along squares [48].
In the case ¢ = —1 414, D = {0,1}, we have s,p(n) € N, and as a special case of [25]
Theorem 11] we have that for any o € R \ Q, the multi-sets

{asy(n), n € Ok of length < J}

become equidistributed modulo 1 as J — oo.

We are interested in this question when n is restricted to be prime in O. In [I8, 49],
this problem was addressed in the Gaussian integer setting K = Q(%), using the approach
of [44]. The question of whether the same method holds for other number systems was
left open; the case when K is imaginary quadratic has specific aspects, notably the fact
that multiplication by a complex number is a similarity, which are implicitely at play
in [49]. We show that the expected statement in fact holds in full generality.

Theorem 1. Suppose that Ok is a unique factorization domain, let (¢, D) be a number
system with the finiteness property, and ¢ : K — R be a linear form. Then, as J — oo,
the multi-sets

(1.2 {8(s4(p)), p € Ok prime of length < J}
becomes equidistributed modulo 1 if and only if ¢(b) € R\ Q for some b € D.

Under the appropriate conditions, which are more involved, a similar equidistribution
statement holds for linear maps ¢ : K — R? where d = [K : Q]. Note also that we have
chosen, for simplicity only, to control the size of p by its digital length.

We next turn to the Rudin-Shapiro sequence, which was introduced due to the ex-
tremal properties of its associated trigonometric polynomials [59) 62]. We consider the
multidimensional variants constructed in [5]: we call (¢, D) a binary FNS if card(D) = 2.
Binary NFS were characterized in [6]. We define a function r,p : Ox — N by

(1.3) rgp(n) = > 1(bjbjs1 #0) ifn= Y by, b; €D,

0<j<J—1 0<j<J
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where 1(n # 0) is 0 or 1 according to whether n = 0 or not.

This sequence is a non-trivial and natural instance of a digital function which has
much less useful analytic properties than s, p: it is not g-additive, and by analogy with
the rational case, we do not expect its discrete Fourier transforms to have better than
square-root cancellation in L' norm (as opposed to s,p). The arguments in [45] were
partly designed to work without these useful analytic properties.

In [13], this function was considered in the general setting of “block-additive functions”.
There it was shown, using ergodic methods, that for any o € R . Q, the multi-sets

{ar,p(n), n € Ok of length < J}

become equidistributed modulo 1 as J — odl]
We show that the corresponding statement holds for primes in full generality.

Theorem 2. Suppose that K is a unique factorization domain, let (q,D) be a binary
FNS, and o € R\ Q. Then, as J — oo, the multi-sets

(1.4) {ar,p(p), p € Ok prime of length < J}
becomes equidistributed modulo 1.

As we mentioned in the introduction, in the recent work [51] pertaining to the case K =
Q, the Sarnak conjecture was fully solved for automatic sequences detecting integers
given by their usual digital expansion. By combining the arguments of Sections 4.1-4.2
of [51] with the work presented here, we expect that the Mobius function

(—1)* if n is, up to units, a product of k distinct primes,
pic(n) = .
0 otherwise,

is asymptotically orthogonal to the output of an automaton reading the digits of f in
any FNS. Here, however, we choose to remain in the formalism of [45], having in mind
only the sum-of-digits and the Rudin-Shapiro sequence. The input required to handle
arbitrary automatic sequences does not substantially differ from [51] and we believe it
would obfuscate the “number field” aspects of our arguments. We also believe that
by mixing the arguments of [46] with the ones presented here, one should be able to
show that the multi-sets {ar,p(n?),n € Ok of length < J} become equidistributed
as J — o0 if a € Q.

Another interesting direction would be to restrict the sets (1.2), to rationals
that are prime in O, which form a very sparse subset of all primes. The arguments
presented here are, in their present form, not effective enough to address this question.
Note however that partial results have been proved in [26] for the average of the sum-
of-digit function, without the primality condition.

1.3. Overview. The difficulties we encounter in Theorems [1] and [2 are of two kinds.

The first is related to point-counting on lattices, and the “skewing phenomenon”. The
multiplication by ¢, viewed as a map on the lattice O, can be quite far from a similarity
in general, depending on the relative moduli of Galois conjugates of ¢q. This can induce
an inefficiency in lattice-point counting estimates in large dilates ¢"Og. The effect of
this skewing will be counteracted by systematically using Dirichlet’s theorem on the
structure of the group of units.

IThe authors of [I3] work exclusively in the Knuth setting (¢, D) = (=141, {0,1}), but the statement
above can be easily deduced from our arguments.
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The second, more substantial difficulty is the harmonic analysis of the fundamental

tile
F = {Z qu_‘j, bj < D}
jz1

By contrast with earlier works, the method of [45], which we take up here, makes a
particularly extensive use of information on the Fourier transform Yz of the indicator
function xz of F (viewed as a subset of R? through a choice of basis of O). In the
classical case K = Q, the fundamental tile is an interval (see [45, Lemma 1]), so that we
have explicit expressions and bounds for its Fourier transform. In the general case, and
in fact already for the Knuth setting K = Q(7), (¢, D) = (—1+4, {0, 1}), the fundamental
tile has a non-trivial fractal boundary, known as the “twin-dragon” in the Knuth case
(42, p. 66], [37, p. 206]). The Fourier transform Xz does not decay uniformly enough
for the method to naively go throughﬂ. To handle this, we rework the arguments of [45]
so as to require as few information of the Fourier transform as possible: as we will show,
the arguments of [45] can be recast so that the only essential input is an L? bound on X r,
which we will obtain easily from Parseval’s identity.

2. SETTING

2.1. Number field. Let K be a number field, with its trace map denoted (z) = Tr(x) =
Trio(x). We abbreviate throughout

O = OK.

We denote OV the dual of O for the scalar product (z,y) — Tr(xy). It is a fractional
ideal, and the different ideal Dg := (OY)™! C O is of norm equal to the discrimant
of K [54, Chapter 4.1].

Given a base ¢ € O, all of whose conjugates have moduli greater than 1, and a set of
digits D, assume that any element of n € O has a unique base ¢ expansion

n:ijqj, reN,b; €D.
j=0

On the other hand, when the ring O is principal, n also possesses a factorisation n =
p1- - pe as a product of prime elements, which is also unique up to order and multipli-
cation by units.

Let (wi,...,wq) be a Z-basis of O, and (wy,...,wy) its dual basis OV. For any
(zj)1<j<as (Yj)1<j<a € RY, denote

(1, 2q) :ixjwj, (Y- Ya) :Zd:ij;/.
= =1
Note that K = +(Q%) =V (Q?), and
(2.1) O=uzZ%h,  OY=.12Z%.
We fix a norm || - || on R", and when z € K, we use the notation ||z|| to mean ||.~(z)]|.

We denote G = Gal(K/Q), and given 7 € Gk and = € K, we denote 2™ := 7(z).

2The analysis of the rates of decay of functions such as Y7 is in fact an important object of study in
wavelet theory; see the references in Section
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We pick a base ¢ € O and assume that all conjugates of ¢ have modulus > 1. Let D
be a set of representatives of O/(q) containing 0. Borrowing the terminology of [56], we
call such a pair (¢, D) a number system. If every n € O has a finite expression

'
n = Z quj
7=0

with b; € D and r > 0, then we say that (¢, D) has the finiteness property. Note that
such an expansion, if it exists, is unique. We use the abbreviation FNS to designate a
number system with the finiteness property.

Given a pair (¢, D), Kovacs and Peth6 [39] have shown that the question of whether (¢, D)
is a FNS can be decided algorithmically in finite time (they also characterize completely
such number systems in positive characteristics). Grochenig and Haas [27, Theorem 2.2]
have shown that it corresponds exactly to a certain explicit matrix having spectral ra-
dius < 1 (which is equivalent to the existence of cycles in a certain directed graph,
which we will mention below in Section . The FNS are characterized for d =1 in
Theorem 2.3 of [27]; in the same paper, the authors characterize the numbers ¢ which
can arise as the bases of FNS for the field K = Q(q).

If (¢, D) is a number system with D = {0,..., N(q) — 1}, the pair (¢, D) is called a
canonical number system (CNS). The fields K which admit a CNS with the finiteness
property have been characterized in [38]: they are exactly those fields for which O
has a primitive element. Many works have been devoted to deciding whether a given
pair (¢,D) is a CNS with the finiteness property. The problem was completely solved
in the quadratic case d = 2 by Kaétai and Szabd [35] and Katai and Kovacs [33, 34].
For d > 3, only partial results are known; Akiyama and Pethé [2] construct an algorithm
which determines whether (¢, D) is a CNS with the finiteness property using only the
coefficients of the minimal polynomial of q. Other partial results have been proved
for d =3 [1] and d =4 [§].

Returning to general number systems, German and Kovacs [22] proved that any ¢
having all its conjugates of moduli < 1/2 admits a set of digits D for which (¢, D) is a
FNS.

From now on, we assume that (¢, D) has the finiteness property.

Let F be the fundamental tile

(2.2) ]::{ijqj,TZLbjED}.
j=1

We will state in Section below the basic properties of F; for now, let us simply
mention that there exist Rz, R¥ > 0 (depending on (¢, D) and || - ||) such that

(2.3) [z € K |loll < Ry} € F C {z € K, |lo]l < RE}.
In particular, since all the conjugates of ¢ have moduli > 1, for some A € N there holds
(2.4) (F+F)U(=F)U(F-F)C F.

For any integer x > 0, we define

k—1

N, = { Z quj,bj € D}.
j=0

2.2. Hypotheses on f and (¢, D). We work with the formalism introduced in [45],
which assumes two hypotheses of different nature on f.
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Definition 2. We say that f satisfies the Carry property if there exists a number n; > 0
such that for any k, A\, p € N with p < X\, the number of v € N such that

(2.5) flur +ug + an)m # frotp(ur + u2 +vq") fupp(ur + vgr)
for some (uy,up) € N2, is bounded by O(N(q)*~"").

Definition 3. We say that f satisfies the Fourier property if there exist a non-decreasing
function v: N — R, and ¢ > 0, such that uniformly for A€ N, k < cX andt € K,

(2.6) > Flog")et™ ) < N(g)* ™.
’vEN)\
As is noted in [45], eq. (26)], if (2.6) holds then we always have
(2.7) Y(A) < \/2.
We define the following two “distortion” parameters on the number system:
dlog |q"|
2.8 0= ———>1
(28) reche logN(q) —
dl T
(2.9) 6 := min dlog || > 0.

reGxc log N(q)

Note that the inequality in is obvious, and that the inequality in follows from
the assumption, made in Section that the Galois conjugates of ¢ have moduli > 1,
in other words |2™| > 1 for all 7 € G.

As a consequence of , the multiplication matrix associated to ¢! has spectral
radius at most N(q)~% < 1 (it is asymptotically contractant). We will use repeatedly
the Gelfand inequality in the form

(2.10) ] < ATIN(@ g < AN (g) 7™,
for A € Ny, see [75, Lemma 2.3].

2.3. Main result. Our main result is the proof of the following statement, which shows
that the analogue of [45] holds in number fields in the most general formulation.

Theorem 3. Assume that O is principal, (¢, D) is a FNS, and f : O — C has the Carry
and Fourier properties with the above notations, and ¢ > 2000~'. There exist C, 6,15 >
0, with § < mned ™ min{mny, 0}, such that for all X € Nxg, we have

(2.11) S F(p) <iegn AON (g0 om0,
peEN,

p prime
The constant 7, is a natural parameter associated the addition automaton of the
NFS (¢, D); in particular it depends only on (¢, D). It is formally introduced below in
Lemma[§] In Appendix [A] below, we study the asymptotic behaviour of this constant in
infinite families of canonical number systems ¢ = —m + x, m € N, m — oo.

2.4. Plan of the paper. After compiling technical lemmas in Section [3| we state and
prove our type I and II estimates in Sections [4] and 5] We then prove Theorem [3] in
Section [6] and deduce Theorems [I] and [2] in Section [7] Appendix [A]is concerned with a
subsidiary result on asymptotic behaviour of carry constants.
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2.5. Notations. In the sequel, we abbreviate

Q= N(q),
27riz'

e(z) :=e
It will also be useful to denote, for A € Nand t € K,

(2.12) ex(t) = e(<qt/\>>

We recall the definitions ({2.3]), and we let further
(2.13) Ry =sup [] (1+]z7)).

TEF reG

All implied constants will be allowed to depend on K, ¢ and N, unless otherwise
stated.

3. LEMMAS
On many occasions, we will use the following simple bounds on norms of products.

Lemma 1.
(1) For all x,y € K, ||zy| < ||z||||ly]],
(2) For all z € K ~ {0}, ||z~ || < N(z)7z]|¢ L.

Proof. The first part is obvious. The second part follows from N(x) = [I,cq, ™. Indeed,
writing # = Y%, z;w; with o; € Q, then for any k € {1,...,d}, we have

<wzx-1>:N<x>-1<wz > Hw>

(iﬁ)w¢id Tr;ﬁld
=N@)™" > < 11 xiw) <w,¥ II wiw>
(in)mtia  TF#id w#£id
< N(2) ™|l

We also state now an upper-bound for the number of units in a certain angle.

Lemma 2. For all x € K*, we have

card {e € 0", |le/z]| < 1} < (log(2 + N(x)))* ",
where the implicit constant may depend on K and || - ||.
Proof. Shifting by a suitable unit (as in [53, p.55, eq. (1.4)]), we may assume that |z™| <
N(x)Y for all 7 € Gf. The condition ||e/z| < 1 then implies |7| < N(x)/?. Since ¢ €
O, we also deduce [e™| =[] 4x ’Ewl‘_l > N(z)"/?'. Let (e1,...,¢,) be a Z-basis of the

free part of O* [55, Theorem 1.7.3] (where r < d —1). We are then reduced to counting
the number of tuples (ni,...,n,) € Z" such that

zr: n;log |ef| = O(log(2 + N(7)))

for all m € Gk. Inverting this condition by using a subset of embeddings of size r as
in [53, p.55], we find that there are at most O(log(2 + N(z))") solutions, whence the
claimed bound. 0
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3.1. Additive characters and van der Corput’s inequality.

3.1.1. Orthogonality. We recall the following orthogonality relations.
Lemma 3. For all g € O\ {0} and £ € O, we have

o Z ((q7'ng)) = {é J< € a0,

ned/q otherwise,
and similarly, for alln € O,

1 . )1 ifneqO,
@ Z e(<q éhn>)_{0 otherwise.

£e0V/q

3.1.2. Counting additive characters. In Section {4| below, we will require properties of
additive characters in O, which we quote from [31, p. 179]. We recall that given an
integral ideal m and an additive character o (mod m), we say that o is a proper additive
character modulo m if o is not periodic n for any integral ideal n 2 m.

We will mainly work with additive characters of the form n — e((nk/m)), for m € O,
k€ OV/m and m # 0. In this context, given an additive character o, let us denote

(k,m)~o <= VneO,o(n)=ce((nk/m)).

Note that for any such k and m, there is a unique pair (m, o), where m containing m,
and a unique proper additive character ¢ (mod m), such that (k,m) ~ o.

Lemma 4. Let u € Ny, and o (mod m) be a proper additive character. Then
1 ud
< .
2 Nm) € N(w)

keOV /m
(k,m)~oc

Proof. For any m on the left-hand side, there can be at most one k € OY/m for
which (k,m) ~ o. Moreover, since ¢ is proper, this can only happen if m | m. There-
fore, the quantity on the left-hand side is at most >-,,en,Am ﬁ We sort this sum
according the principal ideal a = (m). First note that N(m) < R%Q" (we recall the
definition ([2.13))). Then

1 1
> < X > 1
meN,Nm N(m) a principal N(Cl) meN,
m|a (m)=a
N(a)<RZQ*

For all a in the first sum, we pick a generator u € O such that |[u™| < N(a)/? for all
field imbedding m € Gk . Then the second sum is

o= > 1< Y <«upt!

meN, ceO* ecO*
(m)=a  cueNu  leu/g"+C|<1
for a constant C' > 0 (depending on F) and by Lemma . We deduce
1 1 ue
O D S <
a principal N(a) meN, a ideal N(Cl) N(m)
m|a (m)=a m|a
N(a )<R* QM N(a )<R* Q*

as claimed. O
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3.1.3. Van der Corput’s inequality. For all p € N, we define the set

(3.1) A, =N, =N, ={m—n,(m,n)eN}.
Lemma 5. Let p,r,v € N with p+ k < v, and (2,)neco be complex numbers sat-
isfying z, = 0 when n ¢ N,. There exists an even function w, : O — N, such

that |w,(r)| < Q° uniformly inr € O, and

<< QU Z wp(r )Zszrq“rz-
n

rel,

Zn

Proof. By following the proof of [43, Lemma 17|, we find

>z, i < card < U W, - q”r))Q dw Zzn+q ke Zms

n reN, ref,

where w,(r) = card{(r1,73) € NJ,r = r; —ry}. The claimed bound follows by our
hypothesis v > k + p, which implies that the sets ¢=7(N, — ¢"r) are uniformly bounded
for r € N,. ([l

3.1.4. Majorants of the fundamental tile and Poisson summation. We will rely on the
Poisson summation formula: for any continuous function V; : R? — C satisfying Vp(z) <
(1+ ||z||)~%*, with Fourier transform Vp(£) = fRd Vo(z)e({&, x))dz, any invertible linear
map B, and any ¢t € R? we have

ST Vo(B 'n)e((n,t)) = det(B) Y Vo(B(€ +1)).

nezd cczd

We deduce, in particular, that for V; as above and V := Voi, anyn € K~{0}and t € K,
we have

(3.2) Zv( ) 0 Y VinE+1)).
neo geov
It will be convenient to work with smooth majorant functions having a compactly

supported Fourier transform.
Lemma 6. For any bounded set B C R?, there exists a function Vy : R? — R, in the
Schwartz class, depending on B, satisfying the following:

(1) for all x € R, if x € B, then Vy(z) > 1

(2) the Fourier transform Vy(€) = fRd Vo(z)e((§, x))dz vanishes unless ||€]|o < 1.

Proof. We take Vo(z) = a[]f, f(Bx;), where f is given as in Theorem A.3 of [65] for
some small enough 8 > 0 and large enough o depending on B. 0

3.1.5. The large sieve inequality. The following is a multidimensional version of the large
sieve inequality, and corresponds to Theorem 2 of [31]. The main difference lies in the
scaling of the set of points: when dealing with ideals (rather than arbitrary lattices), we
can avoid the “skewing” phenomenon refered to above. We refer to [47] for history and
additional references on the large sieve.

Lemma 7. Let « € K*, X € [1,00) and (¢(n))neo be complex numbers. Then

> > ‘ > c(n)o(n)

< (N(@) +X%) > le(n)],
m ideal o (mod

( m) neQ@ ned
0<N(m)<X * proper | [[n/af<1 In/afi<1

where in the sum on the left-hand side, o runs over proper additive characters (mod m).
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Proof. Let ¢ € O* be such that |(ea)™| < N(a)¥¢, and denote o = . For any m, the
map o +— (a — o(e7'a)) is a permutation of the proper additive characters (mod m).
Therefore, we have

> > ‘ > c(n)o(n)

m ideal & (mod m)
0<N(m)<X proper

= > > >, dm)o(n)

neQ m ideal o (mod m) YIS
ln/a|<1 0<N(m)<X proper In/a/||<1

with ¢/(n) = c¢(e~'n). The condition ||n/o/|| < 1 implies ||n| < ||/ < N(a)'?, and
so Theorem 2 of [31] can be applied with N; < N(a)Y¢, which yields the claimed
result. U

3.2. Numeration.

3.2.1. Carry propagation. Let r, ,(n) be the integer formed with the digits of n of in-
dices {v,...,pu — 1}, so that if n = 3;50n;¢’, then r,,(n) = Yocjc,y Morid’. We
write 7, (n) = lim, o 7,,,(n). We wish to quantify the fact that propagation of a
carry is an exponentially rare event. This has been studied in particular in [25] 50]. In
fact the following lemma can be seen as an arithmetic restatement of a weaker version
of [50, Proposition 4.1].

Lemma 8. There exists 1o = 1n2(q, D) € (0, 1], such that for all integers 0 < p < v < p,
we have

(3.3) card{m € Ny, 3n € N, _,, Tyoo( + 1) # Thoo(m)} < QP

However, in [50] and with their notations, the authors work under the assumption that
a certain graph G (S) is primitive. Since we are only interested in the upper-bound ,
we do not need this assumption here. What is required is that, from any vertex, there
is a path leading to an absorbing state; the possibility of the matrix of the graph G (5)
having multiple dominant eigenvalues does not affect us. In [61], the primitivity of G()
is proved, however in the more specific case of canonical number systems. For these
reasons we include a self-contained proof of Lemma [§

Proof. We have assumed that 0 € D, and that every element in O has a base ¢ expansion.
Let B =D — D, and define a sequence of sets by

BO = {0}, Bj+1 =B+ QBJ

for all j > 0. Note that B; = B+ g8+ ---¢/~'B for j > 1, so that this sequence is
increasing. Since D C B, we have N; C B;. Moreover, for all j > 0 and all n € B;, there
exist a € D and m € B;_; such that n+a € ¢gm + D.

Next we let {0} C By C O be the smallest set such that By, +D + D C D + qBg; the
existence of By is ensured by boundedness of {37}_, (n;14+nj2—n;3)¢ 7, r > 1,n;, € D}.
The set B, is our initial set of carries. We define a Markov chain on the set of states B,
by setting, for every n € B, and digit a € D, an edge

n—sm = n+a€qm+ D,

each digit a € D being chosen with equal probability. Note that by construction, we do
have m € B,;. The main point is that 0 is an absorbing state for this chain. Therefore, a
random walk on By of length p € N| starting at any given vertex, has probability O(c”)
of not ending at 0, for some ¢ € (0,1).

Let m = Zf;l m;q’, with m; € D. Suppose that there is an n € N,,_, such that (m+

N)[woc] 7 (M) Comnsider the sequences of carries (b;);>—1 in the addition m + n.
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More precisely, if we let n = > ,5on;¢’ with n; = 0if j > v — p, then b_; = 0 and
for all j > 0, b; is the unique element of O such that b;_y +m; +n; € D + gb;. By
construction, we have b; € By for all j > —1. For all 7 > v, the recurrence relation
reads, with our above notations,

biy —2 b;.
Our hypothesis on m and n implies that b, # 0. Therefore, the tuple (m;),—,<j<y
describes a walk on B, of length at least p, not ending at 0. The number of such

tuples is at most O(c”), and so the number of possibilities for m is at most O(Q*"=*)
with 7, = —(logc)/log@ > 0 O

Remark. We will call any admissible constant 7, in Lemma[§|a carry constant. When K =
Q(i), we may choose

0.238186..., (¢,D) = (—1+1,{0,1}),
M =140.195636..., (¢,D)=(-2+1,{0,1,2,3,4}),
0.053205..., (q,D) = (—2+1i,{0,—2i,2,3,4}).

These values were obtained by approximating the spectral radius of the adjacency matrix
associated with the graph on By considered above (with the absorbing state removed).

3.2.2. Harmonic analysis of the fundamental tile. In this section we study some har-
monic analytic properties of the indicator function of the fundamental tile defined
in ([2.2). For this purpose we will study the closure of this tile in R,

F = FI(F) C R?

In our context the set .# plays the role of the unit interval [0, 1] in [45]. For example,
when d =1, ¢ < —1 and D ={0,...,|q| — 1}, we have explicitly
7 — {q 1],
l1—q'1—9¢
In general however, the set .% is of a more complicated nature, and is a main object of
study in the theory of self-similar tilings of R™ (see [40]).

Here, we have assumed that (¢, D) is a FNS; we refer to Proposition 2.1 of [50] for
general properties of .%. In particular, .%# is compact, measurable with Lebesgue mea-
sure meas(.#) = 1; by Theorem 1 of [73], .# contains an open neighborhood of the
origin; and finally

meas(F N (F +a)) =0 (a € 24~ {0}).

The set .% has been studied in a variety of cases:

(1) For CNS and d = 2, in [23] for K = Q(i), and in [67, 69] for all quadratic fields.

(2) For CNS and arbitrary d, under a generic condition on the minimal polynomial
of ¢, the upper-box dimension of 0.% is obtained in [61].

(3) For general FNS, Keesling [36] has shown that the Hausdorff dimension dim g (0.%)
is always strictly less than d, and that it can be arbitrarily close to d. Note

that dimy(0.%#) > d — 1, and that equality is achieved in the case ¢ = —2,
D ={Yic;wi, I C{1,...,d}}, for which .# = [-2,3]°. Upper and lower bounds

on dimgy (0.%) in terms of the carry constant 7, are obtained in [50]; the bounds
coincide when © = 0 = 1.

(4) The topological properties of % can sometimes be counter-intuitive, in particular,
it can be disconnected, see [40, Figure 2.1] and [27, Th. 2.3].
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In the present work, we will require some information of the decay of the Fourier
transform of the characteristic function of .%#. This is ultimately due to the fact that
the information we will use of the function f concerns its correlation with additive
characters and its behaviour with respect to the digital expansion ({2.5]).

For z,& € RY, let

(@) =liez, X&) = /y e(—(x,€))dz.

For \ € Ny, define
a(z) = Y x(gz + k),

kezd
where ¢ is viewed as a linear map of R? by gz = ¢~ *(qu(z)) for all z € R?. The function
is Z%-periodic, and its Fourier coefficients are

Da(€) = QRGN (Eez?,

where ¢ is the adjoint of q.

The less regular 0.% is, the more slowly the function Y decays: for instance, in the
case K = Q(i), g = —1+14, D = {0,1}, it is shown by Cohen and Daubechies [9]
eq. (5.3)] that Y(£) < [|€]|7Y/2 for all ¢ € R?, the exponent 1/2 being in fact optimal.
This and related questions are known in wavelet theory as the regularity problem of
self-refinable functions; see in particular [10, 57]. Here we are largely able to avoid
this question altogether. We essentially require two informations: a truncated Fourier
expansion of 1y, and an estimate for L? norms.

In the context of distribution of g-additive functions, this difficulty has been encoun-
tered in [24] in the case K = Q(i), and [41] for general K (see [64] for related earlier
computations in the context of Parry expansions). To truncate the Fourier series of vy,
one wishes to smooth out the function . In the above-mentioned works, this is done
by convolving with the characteristic function of a hypercube (Urysohn approximation),
however, it is technically convenient to use smooth, compactly supported majorants, so
that sums over lattices can be estimated more easily by Poisson summation.

Lemma 9. Let A\, 7 € Nyo. There exist complex numbers (ax-(&))ecza and (by-(£))ecza
satisfying the following.

(i) For all fized A > 0, we have
(34) lon- (Ol <a QA+ [77EN™, IOl <a Q7™+ lg )~
(i1) The functions Ay (x) and By (z) defined by
A)\,T(x) = Z a)\ﬂ-(f)e«f,l'», B/\,T(x> = Z b/\’.,-(f)e“f,x))
ez ¢ezd

satisfy

[¥a(@) = Ax-(z)| < Ba-(2).
(iii) For all k € {0,...,\} and & € Z%, we have

(3.5) 3 laas (& + T < Q"
¢ezd
(3.6) 3 loar(éo + @ < QAT

Eezd
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Proof. Let ¢ : RY — [0, 1] be a smooth function satisfying

Lizj<i/2 < (2) < 1gp<e; / o(v
where ||z|| is the euclidean norm. Define ¢, := Q" ¢(q"x). Define

(37) Xr =X * (bT?
and let V) = 0.7 +q " B(0,2) and Vo = 0.7 +q " B(0,2)+q " B(0,2). Note that V} C V5,
and
{r eR": x(2) # xr(2)} C V.

We focus first on V5. Let p be an integer such that B(0,2) +.% + (—.%) C ¢*%. Each
number z € ¢V, can be decomposed uniquely as = m + y where m € Z% and y € .Z.

By hypothesis, there exist u,us € %, such that m +y — ¢ (uq + ug) € 9(¢"F).
Since ¢". is tiled by Z%translates of #, and B(0,1 + diam(.%)) C ¢*.%, we deduce
the existence of z,,2_ € .% such that m — ¢?(u; + uy + 24) € Z¢ N ¢"F and m —
¢"(ur + ug + z_) € Z% \ ¢".F. Therefore, by (2.4), there exist ny,n_ € Z9N ¢ F
such that m+n, € ¢".% and m+n_ ¢ ¢"%. By Lemma [§ the number of such m is at
most < Q™) and therefore

(3.8) meas(Vs) = Q7 Z (m+yeq Vo)dy < Q™.
meZd
We now write
IX(#) = x=(2)] < 1y () < (Ly, * ¢r)(2).
Define now the smooth, Zd—periodic functions
Aa() = X xr@ @48, Bar@) = X (L # 6, (@ + ).
kezd kezd
We have B, ,(z) < 1. Let ay -(§) and by ,(£) be the coefficients in the Fourier expansions
of Ay ,(x) and B ,(x), respectively. We have

- (€) = QRGN
€)= Q0T 76) [ el(T )y

By partial summation, we have the bound

(3.9) B(8)] <a (14 €)™

for any A > 0. By (3.8)), we deduce parts (i) and (ii) as claimed.
For part (iii), let us consider the case of by .. By absolute convergence and orthogo-
nality (Lemma [3|), we have

(310) Y &+ 7O =@ X e(—(T "6 0) X bar(©)7 e((377E 1)),
£ezd 0e74/Br74 Eezd
On the other hand, by Poisson summation, we have
S e OF (76 0) = [ Busla+ a0 Bas(a)d.
ceza Rd /74

Let V3 = V5 4+ ¢ 7" B(0,2); it is a bounded set, and by reasoning similarly as in (3.8)), we
have meas(V3) < Q~™". By construction, the support of B , is included in Z 4 ¢~*V5.
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Therefore, for any given € R?, the integrand above vanishes unless there exists k € Z¢
such that

¢k +0e g (Vs = V),
and the latter is a bounded set since x < A\, therefore, there are at most a bounded
number of ¢ contributing to the sum on the right-hand side of . We deduce

S bas (o + @) P < QAT

¢ezd
by (3.8)), and we obtain (3.6). The bound ({3.5|) is proved using identical argument in a
simpler way; therefore we do reproduce the details. 0

Remark. It is an important point in the proof that the smooth majorant ¢ is scaled
down by powers of ¢, rather than e.g. homotheties (in which case the carry constant 7,
would be replaced by the upper-box dimension of 9.%, which is less understood in
general 50, 61]).

There would be much technical simplification to be gained, in our later arguments, by
having an analogue of Vaaler’s construction of band-limited majorants [71], as was used
in [45]; our attempts were unsuccessful.

In the sequel, for z € K and £ € OV, we will denote

(3.11) ha(@) = (2),  axs(§) = ans (L7 (8))

and similarly for by ..

3.3. Fourier estimates. In this section, we prove an analogue of Lemma 10 of [45],
concerning restricted L? estimates for the discrete Fourier transform of f.

3.3.1. Fourier property over the middle digits. The next lemma concerns a variant of the
Fourier property (2.6)), in which the sum is effectuated only over the middle digits. This
additional flexibility comes at the price of a numerically smaller gain in the exponent.

Lemma 10. Let o, 3,6 € N satisfy 6 < a+f3, and let A := a+[+9. For all f satifying
the Fourier property, we have

1 o
QP Z Fein(@®(uo + ¢®ur + ¢*Puy))e({urt)) < Q7" YN +atd
ulEN/@

uniformly for ug € Ny, us € Ni, t € K and k < c), where ' = na(1 + 1)L

Proof. We recall the notation (2.12). By orthogonality, our sum is
1

Ry Z f(qﬁu)ea(Ut)lu—uoeq”O]- - GUQ+.7-'+q‘SOen(_uOt)e—ﬁ(_UQt)
QB v g+ B
ue Ny
= e,i(—uot)e_g(—uﬂ) Z ea(—u0€)5<€, t —i;g),
00 /qe q
where |
u (75
S t) = "u)e((ut <—>
(00 = gy 3 T wellwnyn(—

Let 7 € N, 7 < o + 3, be a parameter. At this point, we wish to apply Lemma [9] to
replace 15 by its smoothed version A;,. The ensuing main term is

500 = o 3, Fatwel(u) s (5~ 22),

uENA q
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where we recall the notation (3.11). We Fourier expand, use the Fourier property and
the bound (3.4)) (along with Poisson summation (3.2))), getting

S t) = Y as-(E)es(— > flg"uer(u(€ +tgt))

+
Eeov Qa p ueN,y

<L Q7N N as(€)

Eeov
< Q(S*’}/()\)‘FT )

We justify the Fourier truncation (replacement of 1, by A, ,) in a similar way to the
proof of Lemma @ (see (3.8)). Assuming ¢ is large enough in terms of ¢, by Lemma @,
we know that

(3.12) w(;( Z;) _ AM(; Zz) < 1( ~uy € OF + B(0,2/H) +q<so).
Let 7 € N be the largest integer such that B(0,2/H) C ¢ "F; note that 7 > O(1) +

25?0{;@' By a reasoning similar to (3.§)), we may find an element n’ € Ny g_r14a such

that ra45.00 (U — ¢*Puy — @k + 1) # Targeo(u — ¢ Puy — ¢*k). Denoting v’ = u —
¢®Puy — ¢ k, we deduce

|S(¢,t) — S, 1) <

DY 1<qf5 ws € OF + B(0,2/H) + ¢'0)
ueN )

< W Z Cal”d{u/ S N)\+3A,E|TL 6Na+5_T+4A7
k‘E/\ng

T'a+p,00 (u') # Ta+6,00(u/ +n)}
< Q5*7727'
by Lemma . Using (2.7), we may optimize 7 under the condition 7 < o +  and find
S(,t) < Q*’]/“/(/\)JF‘S
with ' = no(1 + n2) 71, as claimed. O
3.4. Sums over lattices. In this section, we estimate sums over lattices that will appear
repeatedly later in our arguments. As we already mentioned an additional difficulty
when d > 1 is the possibility of the multiplication by ¢ skewing the lattice O (see [41],

pp. 203-204]). This issue does not occur in O thanks to the additional structure of the
unit group O*.

Lemma 11. Let a be a fractional ideal, and R > 0. Then
card{h € a~ {0}, ||h|| < R} < N(a)"'R%,
Proof. As in the proof of Lemma [7, let ¢ C O be an ideal in the same class as a,
with 1 < N(¢) < 1. Then a C ¢ 'a = (u) for some u € K with N(u) < N(a), and by
multiplying by units we may impose |u™| < N(u)'¢. Then
card{h € a,h # 0, ||h|| < R} < card{h € O,h # 0, ||uh|]| < R}
< card{h € O,h #0, ||h|| < CRN (u)~"4}

for C' < 1, since ||uh| < R implies ||h| < [[u™!|| < N(u)~¥. The last cardinality is
simple to evaluate, since the basis (w;) of O satisfies ||w;|| < 1. O
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Lemma 12. Let t be an integral ideal, o, 3 € t71 and ¢ € O. Then
card{n € O/q,an + B € ¢t '} < N(at+ (q)).
Proof. By homogeinizing, we have
card{n € O/q,an+ 3 € gt} < card{n € O/q,na € gt '}.

Let ag = at and 9 = oy + (¢). The condition na € gt~ becomes (¢) | nag and son € I,
where I = (¢)o~! is an integral ideal. But |1/(q)| = |O/0| = N(?) as claimed. O

Lemma 13. Let s1,52,q € O with q | s;. Let t be an integral ideal, and o, € t'.
Let Vg - Ri — C be in the Schwartz class, and define two functions on K by V = Vyor™!
and V =Vyo (V). Then

3 V( ) 3 v( ) (<”(O‘m+ﬁ)>)‘ <y N(‘ivl)&(&)z\f(au(q))N(t),

meo neo q
where the implied constant depends at most on K, ¢, N and V.

Proof. By Poisson summation ({3.2]), we have

S V() S v(E (M)
< N(SQ)%;Q\(:) &ZOV V(32<amq+5 +§>)‘
V(™ 0))

Vo) ZV(5) 2
.2 2 v

meO Let—1ov
moe0/q et—10V meQ
m=mg (mod q)

Uy V( : ) <<‘”;°“>>\

e

Again by Poisson summation,

S v<m>\
meO S1
m=mg (mod q)

N(Sl)
N(q)
Next, by Lemma [12] with t < tDx (where we recall that Dx = (OY)! is the dif-

ferent ideal), for each v € t71OV/q, the number of mg € O/q such that amg + 8 =
v (mod gt 1OY) is at most N(at®Dy, + (q)) < N(at+ (¢)). Therefore,
7(=(3+¢))
q

D V(82(W+§>)‘<<Nat+ DY

mo€0/q éet—10V Eet—10V yet—10V/q

()
1
(A e

<Ly

= N(at+(q) >,

Let—1ov

<y N(at+(q) )
Let—1ov
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By Lemma and partial summation, we obtain ¢c-10v (14 [|€])) " <y N(t), which
concludes our proof. 0

Lemma 14. Let R > 0, t be an integral ideal, and ¢ € O. Then
Y. N(ht+(q)) < 1(g)R'N(1),

het— 10
0<[|RI<R

where T(q) is the number of integral ideal divisors of (q), and the implicit constant
depends on K only.

Proof. In our sum, we sort according to the ideal @ = ht+(¢) and use Lemma , getting

> NMt+(g) <Y N@) Y 1
dlq

het~10 heat— 1O
0<[|rI<R 0<|[[hlI<R
<Y RN(Y)
dlq

< 1(q)RIN(1).

Lemma 15. Let t be an integral ideal, ¢ € O and Ry, Ry € Ry. Then
> N((ho+hi)t+ () < 7(q)N(E)(Ro + 1)*(Ro + R1)".

ho,h1 ct1
ho+h17#0
I7;I<R;
Proof. Given a non-zero fractional ideal a C t~1, we have

Yooo1< > Y 1< NtaT)(1+ Ro)(Ro + Ry)?

ho,hiet™! hoet™1 K ea{0}
llhi[I<R; lholl<Ro ||B'||<Ro+R1
0#ho+hi1€a

By Lemma . The conclusion follows by setting a = 9t™! and summing over ? | g,
against N(0) = det(a)N(t), similarly as in Lemma [14] O

3.4.1. Incomplete L? bound on the Fourier transform. The statements of this section
depend of certain parameters which will be introduced later in Section [l For now, we
let w, po, 11 and pse be natural numbers subject to

fo < p1 < p < fla.
We let 0 = pg — po, and define, for all n € O,

(3.13) 9(n) = fus (@) fuu (¢"n).
We recall the definition of the discrete Fourier transform of g,

(3.14) 90) = gz X glules(—uh).
ueO/q°

Proposition 1. With the above notation and hypotheses, for allt € K and A € N,
if ¢ tug < X\ < o, then we have

S (Gl + O] < QU (QTIN 4 @Tm(rY)

heOV
lh/q” =<1

where 0" = 2mme(2 +m) "1+ np) L.
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Proof. The proof mirrors that of [45]: the point is that we may use the carry property to
essentially factor g(h +t) as a sum over N, times a sum over N, _,. Parseval’s identity
will be applied to the second factor, to recover the full h-sum, while the Fourier property
on the first factor will allow for an extra saving. For each h € N, _,, we write

. 1
gty == > > glut g v)e,(—ut)e, \(—vt).
Q UE/\/)\ ’UG.N’G_A
Here, we have by periodicity
g(u+q*v) = f(¢" (u+ ¢*0)) fu (g"ou).
Let p3 < o — A. By the carry property ({2.5)), we have
f<qu0 (u + q)‘U)) - f#0+>\+p3 (q,uo (u + q)\U))f(q#0+)\U)f#0+)\+p3 (QMO—H\U)

except when u+ ¢ € W,,, for some set W,, of cardinality at most QQ°~"#3. Therefore,

g9(t) = Gi(t) + Ga(1),

Gl<t>=Q{, S S Frornen (@0 + ) F(@ )%

u€Ny vEN,_
X fuotatos (@4070) fiy (gou)eq (—ut)es—x(—vt),
1
— o > b(w)e, (—wt),
U)GNO'

with |b(w)| < 2, supported on W,,.
In the sum G(t), we detect the congruence class w = v (mod ¢*) by orthogonality,
and write

Ga(t)

f#0+A+p3 (qHOJr)\U) = fu0+)\+p3 (Q”OJFAw) )

Frotatps (@ (u + ') = Jrotatps (@ (u + *w)).

We obtain .
Git)= > d(O)5- D ep(—lw)en(w),
LeOV /qP3 Q weO/qP3
where .
d(0) = —= Y [T v)esr(—vt)ey, (v0),
Q ’UG./\/’,_—,-_A

o+ —
en(w) = f“”””ég(fu 2 5 Furrem 00+ ) ol (),

By splitting again u = ug + ¢** " 0wy with ug € N, —,, and uy € Ny_ 14, We get that
under the additional assumption p3 < A,

1 _
QMI_MO /\2/: NZ f(quo (UO + qul uoul + qu»eU—m-ﬂto(_ult)
U0ENuy —pg ~ WLEN A=y 411

/
— by —
<Q 'Y (A+p3)+u1—po+ps

|en(w)] <

by Lemma [I0] We can now sum over h. Using the Cauchy-Schwarz inequality and
Parseval’s equality as in [45], we get
YGRS swp le(w) s Y (0P

t'eK

he®V LeOY [qP3  peov
= P3 _
Ih/q”=P||<1 weO/q Ih/q=>|I<1
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We write

Sl = X ldan(O Y L

heoV acdV /qo =X heoV
lh/q” <1 h—a€qo OV
lh/q”—*|I<1

Note that the last sum is O(1), and the remaining sum over « is again O(1) by Parseval’s
identity. We deduce

S |Gi(h + )P < QBN mpotke),
heoVv
lh/q°~*|I<1
On the other hand, by Parseval’s equality and reasoning as above,
1
S G+t < Y (Gah D)< oo S [b(w)P < Q7
he®V heOV Q weN,
l[h/q” =<1 /g% || <1

and by optimising p3 (note that we always have ’y(A) < A by (2.7))), the result follows.
[

4. TYPE I suMs

The following estimate is a generalization of Proposition 1 of [45].

Proposition 2. Let f : O — C satisfy the Carry and Fourier properties (2.5)—(2.6)).
Let Vo : RY — C be a smooth map, compactly supported inside R . {0}. Let V =
Voou ™t K — C, define V="Vy0 (V) and

= > IV(©)
Eeov
Then for p < v, we have

(4.1) Sr= )

mG./\/';L

TP B p——

neO
The implied constant depends on (q, D), and on the diameter of the support of V.

Remark.

— The same bound holds, with the same proof, for the more general quantity

(4.2) > max (mn i a)f(mn + a)|.

men, an/m

— The bounds and can be viewed as a statement on cancellations of f(n)
on average over arithmetic progressions n = 0 (mod m); this is an analogue of
the Bombieri-Vinogradov theorem in the context of multiplicative number theory.
Bounds of the type go back to work of Fouvry and Mauduit [20]. The quality
of the bound can be measured by the exponent of distribution, which is
the maximum asymptotically allowable value for the ratio ﬁ_‘ﬁ As in [45], we
have ¢ = 2(673-1)’ independently of v, and this value on the exponent is precisely

the analogue of the Bombieri-Vinogradov theorem if ¢ can be picked arbitrarily
large; in both cases, the limitation arises from the large sieve inequality.
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— Obtaining an exponent of distribution greater than 1/2 is a challenging question

in general. In the sum-of-digits case f(n) = (—1)%(™ such a result was obtained
in [20] with a value ¥ > 0.55711 (and a slightly larger exponent for ¢ = 2). This
has been improved to ¥ > 2/3 in [52]; a proof of the value J = 1 has recently
been announced by Spiegelhofer [63].

Proof. First note that replacing v by v + C, for some C' depending on (g, D) and the
diameter of supp V', and rescaling V' accordingly, we may assume that V(z) # 0 —
z € F. For any £ € N,,,, we have

v(on) - X v

ueO
q TV u—2

by our hypothesis on the support of V. Then

Si= %

S V(s ) £ )

meN, ' neO
- % ol 2,2 (5N (e ) 0]

S 33 (M) Jel-mnr0)x

keOV /m heOV [qutv LeN 1o

x>V < M+U)eu+y(hu)’.

ueO

1
© &, N

meN,

The Poisson formula yields

SV (s Yoo = @ S - )

ueO veQVv
and so
u ~
S SV )] <@ T T < S0
heOV [ghtv T ueO q veOv
Therefore,
1 - k
S; < Ty Q" sup ~ Jutv (75 - Q”JFV) )
teK mg/’u N(m) kEOZV/m g m
where

Zf

ée/\/p

Now, by computations identical to [45, pp. 2606-2607], we write
(4.3)

where

Fun(®) = Gt (t) + Gra(t),

1
Guat) = 3 (g 3 cumlishlevsel=ut)
1
<Qu+l/ K Z f(vq )e#""V "i( tv)epl(hv>>7
Ck,p1 (uv h) = ! Z fﬁ+p1 (u + qu)frwm (wqﬁ)em(_hw)a

Qpl weN,,
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1

Gralt) = > F(vg™)eern (—(u+ vg")t)

Q)N N
X (f(u +0q") f(vg") — Jtom (u+ U‘]H)ffwrm (Uqli))'

By the carry property (2.5)), we have f(u + v¢®)f(vg®) = frip (w4 vq") frtp (VgF)
unless (u,v) belongs to a subset W, ,, of N,y X N4, of size at most

(W | QIO
If k satisfies (¢ + 1)k < ¢(p + v), then we have
1

(4.4) Gea(t) < Q= %7
hEOV/qplc2

Z Cr,p1 (u, h)e;H-y(—ut)

u€eN,

uniformly.
For all m € N, and k € OV /m, there is a unique ideal m dividing m, and proper addi-
tive character o (mod m) such that (&) = e(({¢k/m)) for all £ € O; we write (k,m) ~ o.
Note that we have N(m) < Q*. We rearrange our sum as
1 ~ k
R At —— M+V>
2 N(m) 2 |fur ( m

meN, keOV /m

SRR D o >

mideal o (mod m)* meN, keOV /m
N(m)<QH* (m,k)~o

~ k
unli— )
m

For each m in this sum, we apply the decomposition (4.3) with the unique integer ki

for which @"~! < N(m)? < Q". Hence 0 < fip < 2u+ C where C' = 1+ f]fg};}

Call St 1, resp. Sra the contribution of G, 1, resp. G 2. The inequality (4.4]) holds if we

assume p < —5v —C ii—; We obtain, using Cauchy—Schwarz,

24C (T (T 1/2
u+v+p1 /2 ( 1(”) Q(I{))
Sra < By fS}Q ,-;Z::D Qrr(utv—r)

2

Tv(k):= > > >

heOV /gP1 Q(r=1)/2< N(m)<Q*/2 ¢ (mod m)*

Z Cr,p1 (u> h)equy(—Ut)O'(u)
uEN,

1 2
Tr(k) := Z Z ( Z Z N(m)) :
Q—1/2<N(m)<Q*/2 o (mod m)* ~meN, keOV/m

(m,k)~oc

Using Lemma , we get Th(k) < p??. On the other hand, by Lemma |7, we have
Ti(k) < w0370 Q% Y ewp (u h)]? = k1TVQ,

heOV /qr1 uEN,
and we conclude

Si1 < Md2EVQu+V+p1/2—V(V—u)

whenever p < v — C’gi—; and p; < v — .
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Let dy(u,v) == f(u+vq®) f(vq®) — futp (0 +0q") frip, (vg¥), which is of modulus at
most 2 and vanishes unless (u,v) € W, ,,. We have

Gl QS0 | S dulu )y (—ut)|

/UEN/J,+I/*N ueNm

from which we deduce, similarly as above,

1 k
e T ALY (- Ee)
b meN, N(m) keOY /m m

2u+C
< iy sup Sy > > ’ > dﬂ(u,v)eﬁy(—ut)a(u)‘
k=0 mideal o (mod m)* vEN, 1,k  UENK
N(m)?<Q"
2u+C
< HEVQ s S Q"
xk=0

2)1/2

(Y ¥ X

VEN, +v—x mideal o (mod m)*
B ( )

> di(u,v)epp (—ut)o(u)

UEN&

< ,LLd+12 Qu+u—171p1/2'

We choose p; = 1+n17( — ). This gives the bound ([{.1]) if p < 1 Cii; If C >0,

then replacing v by v + |C(c+1)/c| 4+ 1 and rescaling V' accordlngly yields our result
as stated. O

5. TyPE II sumMms

The following estimate is an analogue of Proposition 2 of [45], and is the core of the
argument. Given a sequence (ay,)meo and p > 1, we denote by ||a, the usual ¢Z norm
of (am).

Proposition 3. Let f : O — C satisfy the Carry and Fourier properties (2.5)—(2.6), for
some ¢ > 20007, Let 2 < 1 < v, (m)men, and (Bp)nen;, be two sequences of complex
numbers, and v : K — R be a linear map. Then we have

(5.1) Sir= Y. > amBaf(mn)e(y(mn)) < ,uo(l)Hoz||2||B|]4Q“/2+3”/4*57(Lm%p,

meN, neN,
where
0= cmin{nfng,m@}

for some absolute constant ¢ > 0. The implied constant depends at most on (q,D)

and || - ||

We let Vi be given as in Lemma @ and as before define V,V : K — C by V=Vio.”
and V = V; o (1¥)7!, so that for any A € N, we have 1,cn, < V(n/q), and V(€) =0
for [|£]| > 1.

5.1. Preparatory lemma. As in [45], we will now use the carry property in the
context of a multiplicative convolution mn = u; + ¢"v, and so we wish to count the
pairs (m,n) yielding exceptional values of v. The following lemma is the analogue of
Lemmas 7 to 9 of [45].

Lemma 16.
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(1) For any finite set B C O and p, 1/, v € N with ¢/ > p, we have
card {(m, n) €N, xN,,JueNy,veB,mn=u+ q“/v} < Q" card B.
(2) For u,v,p € N with p < 2v, we have

card {(m, n) € Ny x N, 3k € Nyyp, f(mn + k) f(mn) # fiio,(mn+ k)fuwp(mn)}

< ILLdQlH_V_mp-

(8) Let p, v, jo, pi1, po € N, and assume that po < p3 < p < ps. For all a,b,c € O,
the number E(a, b, c) of pairs (m,n) € N, x N, such that

Sua (min £ am +bn 4 ¢) fu, (477 iy oy (M 4 aim + b + ¢))

7 S (mn A am +bn +¢) fu, (4407 g, (M + am + bn + ¢))
satisfies
5(&, b, c) < MQOq(l)Q;HrV—m(M,HO)'

Proof. (1) Following [45], p.2603|, the quantity we wish to bound is at most

u

>y x v

meN, veEB ueO q
u=—¢"* v (mod m)

K DI (L PO (U )

ucO
/ 1 ’
< (card B)Q" m%;@ N ) card {f € 0¥, |l¢"&/m| < 1}.
The claimed bound then follows from the fact that the condition ||¢*'¢/m|| < 1
implies ||¢]| < ||m/¢" | < 1 (since y/ > p), and by Lemmawith m = (1) (so
that the condition (k,m) ~ ¢ is equivalent to k = 0).
(2) Using point and the carry property (2.5)), the argument given in [45] can be
applied with no modifications.

(3) We use the carry property (2.5) with & < po, A\ < pa — po, p < p1 — po. We
deduce that for some set B C N,,_,,, with card B < Qr2—Ho=m i =ro) e have

E(a,b,c) < Y card{(m,n) € N, X Ny, 1y o (mn + am + bn + ¢) = (}

teB
mn+am +bn +c 1
ST V() S V(5 e (M - ).
eEBMED neo q q

We apply Lemma [9] with 7 = 0 and A = ps — 10, and use the triangle inequality
along with the bound (3.4) with A = d + 1, obtaining

card B 1 3 V( )‘ Z V( )em §m(n+a))‘

E(a,b,c) <
Quruo f;;v (1 + quueruofH d+1 e

The contribution of & = 0 is < (card B)QrHv—Hetro o Qrtv—mlm=—ro)  To

bound the remainder, we apply Lemma [13| with t = ¢">#® f (this gives a slight
loss, which is why we isolated & = 0), getting

= V(2] 5 (ot

L QUTEN(EDk + (¢M)),

ne@
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and so, by Lemma |14] with t = ¢"27#°D .,

- - O - N(&g> D + (¢))
E(a,b,c) < Qv n1(k1—1o) 4 QUHeH (1 —po)
aequo;zov (T +flgl*+
£#0
< Qﬂ-i-l/—?h(ﬂl—#o) + T(q“Q_“OQ’H'V_NO_Wl(MI—Mo)’

whence the claimed bound.
O

5.2. Van der Corput step. The rest of this section is devoted to the proof of Propo-
sition [3] Let p1, p2, p € N, assume that

(5.2) p2<p1, pr+p<

and define

D=

o=t —2(p1+p), p=p—2p1, pa=+2ps
We recall the definition (3.1]), and we define further, for all A € N,

(5.3) AL = Ay ~ {0},

The beginning of the argument mirrors closely pp. 2610-2613 of [45], using the van der
Corput inequality in the form of Lemma (3.1)), twice. The computations being the same,
we restrict to mentionning the main steps: we obtain, using Lemma[5, Cauchy—Schwarz’s

inequality, and [16](2),

Sul € X V(5)| X Aufmme(mm)

meO neN,
< a2l Bl QH/3H 20212

Hal:@ (@ XX 1Bl

reAr, neN,

< p o] B[l @2 A mm et

ol (@ XX 1Bl

> V(ZZ) f(mn + mr) f(mn)e(yp(mr))

meO

S V(5 ) sl ) e )

reAs, neNy meo
(5.4)
1/4
< H s B1Q T s 8@ QS (Siars) )
TGA;2
S€A30,
where

Sialrs) = Y v(")v(””qus)v@) Lo (1 4+ @18) (0 + 7)) fu, (mn) X

v n
n,meO q q

X fus (M + q18)n) fu,(m(n + 1))

= 5 V() fura (- @)+ 1)) o () %

v n
n,meO q q

X fMl,/Lz((m + qm S)H)fulﬂuz (m<n + T))

)1/2

)1/2



DIGITS OF PRIMES IN PRINCIPAL NUMBER FIELDS 25

Here we let Vi(x) = V(z + s¢")V(x), and fy, up = fusSu- The part of Lemma
allows to replace, in Sy 1(r, s), each term f,, ,, (u) by g(u) = f(g"°ryuyus(u)). We deduce
(55) 511,1(7“, S) S[] 2(7” S) + O( Q'IH_V 2771;7)

where, abbreviating wy = 7., 4, (mn), wi = 14 4, (MmN +mr),

Sria(r,s) = > V( > > V( ) (ur+g" M0 sn+¢" 70 sr)g(uq ) g(uo+g" 0 sn)g(ug)

meQ neO
Let 0 = ps — pp. The definition of uy and u; is inserted as
mn u mn-—+mr u
o 1L {C MM
meO neO wug, u1€O/q q q q q q

X g(uy + ¢" H0sn + ¢"H0sr)g(uy)g(uo + ¢ H0sn)g(ug).

Let 7 € N be a parameter. We may proceed as in Lemma 2 of [45] to deduce
(5.6) S112(r, )| < [Sa(r, s)| + Ea(r,0) + E4(0,7) + Ej(r),

where

Srn)=3 % v( )v(qy)AmT(mn_%)AW(W_U1>X

meO neO wug,u1€0/q° un qg q/l2 qg
< glar + ¢ Hsm+ ¢ g (un)g o + g sm)g(uo),

T o o ) (O P L) B =

H2 o 2 o
meO neO upe0/q° q q u1€0/q° q q

-y Y v v( ) (qy)Bm<m”_“0) > B‘,J(W_ul)_

M2 ea 42 o
meO0 ne0 upeO/q° q q u1€0/q° q q

At this point, we are in a situation analogous to eq. (64) of [45].

5.3. Bound on Ey(r,r"). In E4(r,r"), the u;-sum evaluates to 1. Therefore,

= sv@v(E) 3, (e )

meo ned 1"/ woco /e qr q°
By Lemme [9]
Eyr,7) = > by (h) > ZV( ) < V) > ey (h(mn +mr))e,(—hug)
heOVv meO neO q up€0/q°
=Q° Z b+ (hq?) Z Z V( ) < >eu0(h(mn—|—mr))
heOV meO ne® q

by orthogonality. We apply Lemma [I[3| with t = © k., using the fact that V, < V| getting

Ey(r,r') < QUo7 by (hg”) [N (MDD i + (¢°))
heOv

o N(hDk + (¢"))
< QHtv—Ho—meT _
N

Here we may apply Lemma after changing h to ¢"h, with t = ¢"® . Along with
partial summation, we obtain

(5.7) Ey(r,r') < MO(l)QWrV{Q—nw + Q(l—nz)7+2(p+p1)—u}.
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5.4. Bound on E)(r). Similarly as before, we use Lemma [J] to expand B,,,, and we
execute the u;-sums, which selects frequencies which are multiples of ¢7. We get

Byr) = Q¥ Y bor(hog” Yo (hig”) ZZV( NV (22 Yoo (mn ot +mrhs).
ho,h1 €0V meO ne® C]

The contribution of the diagonal contribution hg 4+ h; = 0 is bounded by

LTINS [by () < QU
heOVv

Therefore, using again V, < V, it suffices to obtain a non-trivial bound for

—Q* Y (bor (hod oo ()] T v(q ) 3 V( )e,m mn(ho + h1))|.

ho,hlé(’)v meO neO
ho+h1#0

The (m,n)-sums are bounded using Lemma [13| with t = ®f, which yields

Ty < QUirrrrmto 37 b (hoq”)bor (hig”)|N((ho + h1)Dk + (¢"))

ho,h1 €OV
ho+h1#0
< QIH—V—NO Z N((ho + hl)gK + (quo))
noireov (LA Iho/a 1?11+ [[ha/q |4+
ho+h1#£0

< IuO(l)QMJFVJr?T*,uo

by Lemma [15| and partial summation. We conclude that

(5.8) Ezi(T) < Qﬂﬂf{@*nz‘r + ’uO(l)Q%ﬁuo}.

5.5. Bound on Sy. In Sy(r,s), we expand A, in Fourier series, and we sort according
to the values of ug = u; + ¢ *s(n 4+ r) (mod ¢7) and us = ug + ¢"*"°sn (mod ¢%).
We get

(59) S4<7", S) = Q 20 Z aa;r(ho)aa,‘r(hl)euz*m (h3ST)U(h)W(h)7
h=(ho,h1,h2,h3)
ho,h1€0OVY
hQ,thOV/(fr

where
=Y V ( ) (q )em(mn(ho + hq) +mrhy + ¢**ns(he + h3)),
m,ne@
W(h):= > g(uo)g(u1)g(uz)g(us)es(ug(ha — ho) + ui(hs — h1) — ushg — ushs).
up,u1,uU2,u3
u]'GO/qU

With the notation

(5.10) g(h 7Y g(u)es(—uh),

ue0/q°

we have W(h) = Q*G(ho — h2)g(hs — h1)g(—h2)g(hs).
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5.5.1. Off-diagonal terms. First we consider the contribution SY(r,s) to the sum ([5.9)
of those indices which satisfy ho+h; # 0. By Lemma [13| with ¢ < ¢*, a < ¢72*(ho+ hy)
and t <+ (¢*?), we obtain

U(h) < Q" N((ho + h1)Dxk + (¢")).

On the other hand, arguing as in p. 2621 of [45] by Cauchy-Schwarz and Parseval’s
identity, for all hg, h; € OV we have

> Wh)l=Qv.

hg,th(’)V/qU
Therefore, we obtain
Si(r,s) < Q222 % 0 ag (ho)ag,(h1)|N((ho + hi)Dk + (¢"))

ho,hleov
ho+h1#0
< Qu+2p2 Z N(<h0 + h1>©K + (qu))
noireov (L1282 (1 + [ 4= 1) 24+
ho-+h1#0

N((ho+ h1)¢” ™Dk + (¢"))
(1 + [lholl) (1 + [[a]}))2H+!

— Qu+2p2 Z

ho,h1€(q° D k)1
ho+h1#£0

(5.11) < uo(l)Qu+2p2+2(a+r)—u
by Lemma [13| with t = ¢°""® and partial summation.

5.5.2. Diagonal terms. Note that A, .(§) € R, so that a,,(—¢§) = a,-(§). Let Si(r,s)
denote the contribution to Sy(r, s) coming from indices hg + hy = 0, so that

(5.12) Sy(rys) = Sy(r,s) + Sy (r,s).
We define
Ui(h;r,s) == > V( >eu2 —mrh), Us(h') = V< >eu2 u(nsh'),
meO ne@
so that
Si(r,s) = Q* Z |aUvT(h)|2eM2_m(hgsr)Ul(h; 1, 8)Us(hg + h3) X

heOVv
ha,h3€OV /q°

X G(h — ha)g(hs + h)g(—h2)g(hs)
and consequently

1S4(r,8)] < Q¥ Y ag (W)U (h; 7, 8)[|Ua(h')] %
heoVv
h'eov /q°

X Z |g(h — B+ hs)g(hs + h)g(—h" + hs)g(hs)|.
haeOV /q°
Note that by Cauchy—Schwarz,
Z |g(h — B’ + hg)G(hs + h)g(=h' + h3)g(hs)| < W (h),
hgeOV/qU

where

W(h) = Z G(hs + h)G(hs)]*.

h3€(9v/q‘7
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We note for further reference that, using |g| < 1 and Parseval’s identity,

(5.13) (W (h)| < 1.

Assume

(5.14) v 2 pia — i1 = 2(p1 + pa).

We have

o M) <@ Y Y V(g (sh 4 2erte)g)))|
Weov /¢ heOV [qo E€OV
— QV‘*‘?P' Z |‘7(qV—2(P1+P2)§)| Z l(sh/ —<e q2(Pl+P2)OV)'
£eov h'eOV /q2(P1+r2)

By Lemma (6] the only & contributing to the sum is £ = 0. We bound the h'-sum as
in Lemma (12} the condition sh’ € ¢*»1 2OV means h' € ¢*»1+r29~ 1OV where 0 =
(s) + (¢2Prr2)) . Since |21 1229710V /(20| = |0 /0D k| = N(0Dk) < N(d), we
find
> |U(R)] < QUFFIN((s) + (7)),
hleo\//qa
and so
Si(r,s) < QFPTTIN((s) + (P 7))) 37 ao (W)[P|U(h; 7, 5)[W (h),
heOV
where
We now execute the sum over s € A3, . Define
Ur(h;r) = sup |Ui(h;r,s)|.

8€A§p1

Then, with C' = 2R% (where we recall the definition (2.3))), we have

1 1 B
g 2 N+ @) <mn 3 NE) card{s € q720,0 < ||s|| < C}
SEAL a‘(qQ(Pl‘FPz))

2p1
&< T(q2(P1 +P2))

by Lemma , and the last quantity is O(plo(l)). We deduce

1 /
o > 1Si(rs)[ < pPOQUETEE N ag  (h)[PUL(h; )W (h).
sEA], heov

Define 7 = pa(2+6071), 7/ := 7 + 0 + | pe] for some parameter € € (0,1] to be chosen
later, and impose the condition

or < %Qu.
We will prove the three bounds
(5.15) Yo Nt (R)PULR )W (h) <. Q™
hegov
Ih/q™ [>1
1 _ o(1) —Abps -10 el h h
510 g 3 Uilhar) €ap® (@1 QW) I S 1 >
(5.17) Z W(h) < QQplin//;y(ng)+Q2p,7n1T‘
heOV

Ih/q7lI<1
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Along with the bounds (5.13)) and |a, (k)] < Q~7, this will yield

1 /
Qp1+2p2 Z |S4(Ta 8)|
A*

(5.18) eap:

2py
<Al A)Qp,—l—u—l—?p’{Q—IO;L + QT’—AHpg + Q2PI—77”7(0—7') + szl—TMT}'
5.5.3. Large h. First, for |h/q”'|| > 1, we have
lg=7hll > |In/q7 |Q% '~
by Lemma [I] and our definition (2.§). By using Lemma [9] we have for any A > 1,

2
a0 (NI <2 G e [y A

We deduce, by (5.13),
Yo ao (R)PUL (R )W (h) <4 Q724%™ (14 [|af)~*

he(?v heqffl(’)\/
Ih/q™ [[>1

<. QflO/L

by assuming p < u and by picking A large enough in terms of €. This proves ((5.15)).

5.5.4. Middle-sized h. Assume that |h/q"'|| < 1 and ||h/q7|| > 1. For all r € A, we
have

’ rh

q

T 2p2—71,.—1|—1
s gz

by the triangle inequality, while
e B e P C Y P ARl
by Lemma(l]and since 7 € A,, C O. We conclude that for h € Noo NN, for all r € A

p2?
we have
(5.19) la2rhl > o5 Q%
On the other hand, we have

ZUlhr —Z sup‘ZV( )emmrh)‘

TEA* TEA%, sEA] meO
B ~ rh
—Q Y swp | 3 W(ete s )]
T‘GA* S€A2P1 q

£eov

Here have |52 zos |l < [[R] < QO while for & # 0, [l¢"¢ > pu®MQ%. Moreover,
since Vi(z) = V(x)V (x + ¢~ *s), the derivatives of V are bounded uniformly in s, and
V;(x)‘ <4 (1+]z]|) for all z € K and A > 0. Assuming

SO
(5.20) 7' < 304,
we obtain that for u large enough either £ =0 or

S lla*€ll €||

e+ S5 v > Q™ ell.

p2
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Summarizing the above, we conclude that for ||h/q7'|| <1land |h/q| > 1,

p Z Up(h;r) <a Qu <Q7A9p2 _|_Q7A9u)'

Q [ASTAPN
for any fixed A > 0. This yields (5.16]).

5.5.5. Small h. Finally, we focus on the case ||h/q¢"|| < 1. In this range, we use the
estimate |a,-(h)] < Q7 from Lemma [9] and the trivial bound Uy (h;r) < Q. We get

7 o (R) UL (R r)W (R) < Q27 Y~ W(h).
heOV he®Vv
heN, Ih/q7|I<1

Assuming that
Ko S C(U - T)?

Lemma [I] applies, and yields

Z W(h) < Q2p’ (Q—TI"’Y(J—T) + Q—mf) Z ’/g\(hg)|2.

heO®V h3€OV /qP3

lh/am (<1

The sum over hz evaluates to 1 by Parseval’s identity, and we obtain (5.17)).
5.6. Optimization. Grouping successively the bounds (5.11)), (5.12)), (5.18), and (5.4}~
(5.8)) yields

SII = Z Z amﬁnf(mn) <e ,uo(l)||a||2||ﬁ||4QM/2+3V/4_6/47

meN, neN,

where

¢ = min {mpz, 2mp’ e = 2(7 +p' + pr), 0" y(o —7) = 4p',mT — 4p’},
with 7= (2+607')py and 7/ = 7 + 2(p’ + p1 + p2) + |pe], under the conditions:
pr<pr<p, 200 +pitp) <p opcd oy <20+ 1)+ 2+ 1)p, O < S0u.
Let K = 200071, so that by hypothesis ¢ > K. Then with the choice

!/

n=tron), o=T(|%]) o). p=T+on)

the claimed result follows.

6. SUMS OVER PRIME ELEMENTS: PROOF OF THEOREM [3

In this section we assume that O is principal. Our goal is to use Propositions 2| and
to estimate mean values over prime elements of O, and prove Theorem [3]

6.1. Combinatorial identity. In this section we express the characteristic function of
prime elements into convolutions for which Propositions [2| and 3| apply. The methods
that have been developed to perform this step has a long history, since Vinogradov’s
work [74]. We refer to [58] for an account and references. In [44] [45], this role is played
by the combinatorial identity of Vaughan [72]; see [30] for a number field analogue.
One advantage of Vaughan’s identity as it is cast in [44] is the absence of divisor
functions in the upper-bound. One inconvenient, as with all methods which pass through
the von Mangoldt function, is the necessity to use partial summation to detect the size
of log N(n). Here we take the opportunity to proceed along a slightly different argument
(see [12, Theorem 3.3]), with the benefit that we avoid completely partial summation.
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For a non-zero ideal n C O, let

P*(n) = max N(p),  P7(n) =minN(p),

where p denotes a prime ideal, and by convention PT(Q) =1 and P~(0O) = +oc.

Lemma 17. Let X > 2, and (g(n))nzo be complex numbers with g(n) =0 if N(n) > X.
Then

P <llgleX?+ 3

N(m)§X4

10g X) Sup Z Z amﬁng<mn) )
(a,8) m n
X1 <N(m)§X%
where the supremum is over all sequences (auw), (Bn) satisfying |an| < 1 and || < 7(n).

Proof. Discarding those prime ideals of norm at most X %, the sum we wish to evaluate

O(|lgllX?) + > gl

1

P (n)>X2
The condition is detected by Mébius inversion,

Yo ogm)y= > pm)d g(mn).

n 1
1 + 2
P (n)>X?2 P (m)<X2

The contribution of those m with N(m) < X7 yields the first term. Suppose that N (m) >

Xiandm squarefree. Let < be any ordering of the prime ideals which respects the norm,
i.e. N(p1) < N(ps) implies p; < po. Enumerating the prime ideals with respect to this
ordering induces a bijection ¢ : {p prime} — N, satisfying ¢(p) < N(p). Let pT(n)
(resp. p~(n)) denote the maximal (resp. minimal) prime divisor of n # (1) with respect
to ¢. Write
m=pi--- P,

where ¢(p;) < é(pj+1). Then there is a minimal index j, for which, letting m; =
p1---pj., we have N(my) > X . The ideal m; is characterized by the conditions

my [m, X< N(my) < XTPHmy), o(p*(my)) < o(p (m/my)).
We deduce

Z p(m) Z g(mn) = Z Z Z p(my)p(my)g(mymon).

N(m)>Xx1 " XT<N@m)<XTP*t(my) "
PH(m)<X? P+ (mg)<X?
S(pt(m1))<d(p~ (m2))

The condition ¢(p™(my)) < ¢(p~(my)) is detected by means of Lemma 13.11 of [32], so
that setting

am(t) = p(p" (m))" pu(m),

Balt) = > op(0) (o),
o[n,0#(1 )1
PH()<Xx?2
we have
S ) Y glmn)| < (g X)swp| XX an(®)h(tgmn),

1 1
X4<Nm)<X4PT(m)



32 S. DRAPPEAU AND G. HANNA

as claimed. O

6.2. Quotient by units. When translating sums over ideals (coming from the combi-
natorial identities) to sums over O, we will use the following partition of unity, inspired
from [70, Lemma 4.2], to account for the quotient by units.

Lemma 18. There exists a smooth, homogeneous function ®y : RT~ {0} — [0, 1] such
that, letting ® = ®q 0 1™, we have
(6.1) > d(ne)=1 (n € O~ A{0}),
ecO*

and for any given n, there are only finitely many non-zero terms in the sum. Moreover,
for all x € K* with ®(z) # 0, and all 7 € G, we have |27| < N(x)"/? with an implied
constant depending only on K.

In particular, if O is principal, then for any function g : {n # 0} — C of finite support
and any € € O*, we have

(6.2) Y ogm)= > o(ne)g((n)).

n#£0 neO~{0}
Proof. Let r be the rank of the free part of O* and e1,...,¢, be any fixed basis [55),
Theorem 1.7.3], so
O ={we e, we,n; € Z}
where  are the roots of unity in O. As in [53, p.55], we let ¥ : R? — R" be the map
defined by ¥(z) = (¢¥1(x),...,¥.(z)), where

log((u(e)"/N (u(a))]) = il%‘(x) log <7

for all m € Gg. Then for A € R* and 1 < j < r, 1; is smooth and v;(Azx) = 1);(x). Let
a smooth function w : R — [0, 1] with suppw C [—1, 1] be a partition of unity as
(6.3) > w(z+n)=1 (x € R),

nez
and define, for all z € K*, ®(x) = w(¢1(z))---w(y.(z)). Then the function ¢ is
well-defined, smooth and homogeneous on R¢/R*, and the property (6.1)) follows by r

applications of (/6.3]).
To prove (6.2)), let n = (ng) # 0 be an integral ideal, with ny € O. Then

Y D(ne) = Y D(ngee’) =1
(nu)EE) e'eO*

by (6.1)). O
6.3. Proof of Theorem [3l

6.3.1. Preparations. We borrow the notation x, from Lemma [J (see (3.7)). Let W :
R, — R, be a smooth function defining a partition of unity along powers of ) in the
sense that for all x > 0,
W(ZE) < 1[1/(2Q)71]($), Z W(Q‘kx) = 1.
kEZ
For all kK € N, let

N(p)
=S ), Sk =S W (R .
ga(n) NENAf( ) NG p ( 0" >9A(P)

(n)=n
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Note that by Lemma [2, we have
(6.4) lga(n)| < AL

Next we smooth out the condition n € N, as in Lemma [9] Let 7 € N be a parameter,
and for all X > 1,
P g0 9).

Hrm)= > xrou 1(q>f(”): Sir(k ZW<

neO
(n)=n

The function g, , also satisfies the trivial bound (6.4, so that
SA,T(I{) < )\d_lQn.
Borrowing temporarily the notations ¢, and V5 from Lemma [, we have

|Sx(K) = Sx- (k)] < Z (Lv, * &) <L_1 <Tf\)>

ne® q
< Q)\—nzT

by Poisson summation, the bound (3.8) and Lemma [11] Finally, let o € [A\/2,A\] N N.
We use the trivial bound for k < kg. Since g(n) # 0 implies 1 < N(n) < Q*, we deduce

Yo fln) < AQNTET L MQM 4N sup  |Sa.(k)],
neNy ko <k<A\+C
n prime

for some C' depending on (¢, D) at most. Using Lemma [17], we find
(6.5) Z f(n) < )\QA—nQT + )\dem + A sup ('S)\T ‘ +sup ‘S[Ioe,é’ )‘ )7

neNy ko<k<A+C

n prime
where

N(mn
(6.6) Si.k)= Y ZW( égﬁ >)gx,7(mn)‘
N(m)<@r/4" ®
N N(mn

67) SRS 90 SRR Cr LS PR

Q/A<N(m) <@/t

Before we proceed we require the following estimate. Define functions on RY, resp. K,
by
Vo(a) = W(QY*N(u(2)))xr(z),  V=Vyou™!

Lemma 19. We have
AGIE:
d

e <@,

with an implied constant depending only on (q, D).

Proof. We introduce a smooth, compactly supported function Wy, majorizing the indi-
cator function of the support of xg, and redundant in the sense that x, = x,.Wy. We
then have, for all £ € RY,

Vo) = [ RAeMi(e - e

with Wi (x) = W(N o 1(¢* "z))Wy(x). By and (3.9)), we have
(6.8) ()] <a L+ [lge) ™
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for all A > 0. On the other hand, we have

W) = Q@ | W(N ou2))Wo(g"a)e((x,q"¢))da

Rd

By partial differentiation, since ||g"~*|| < 1, we obtain for all A > 0
(6.9) W1(8)] <a (1 + 11y

The bound for [g, Vo(& )’ d¢ immediately follows by multiplying the integrals of
and with respect to £. The bound for > ¢czq %({)‘ follows by the upper bound

S A+ITTE+&)) T < QT

¢ezd

valid for all & € R% indeed, by translating we may ensure that ¢-7¢, € .%, and the
resulting sum is estimated by Lemma |11}
O

6.3.2. Type I sums. For each m in the sum (6.6)), we have

ZH:W( >>g“mn 7%(:91/( >
m|(n)

Using Lemma |18 on the m-sum, we deduce, for any ¢ € O,

(6.10) L= X )| X v (55 fmm)|
meo neo q
0<N (m)<Q"r/4

Let > |k/4] + 1. We pick € so that |(g’e)™| < Q*/?. This ensures that for any m in
the sum, we have |m/¢"| < 1, so that for some choice u = /44 O(1), we have m € N,,.

We deduce
Steln) < 3 | S V(5 flomm)|.

meN, ' neO

Note that supp(V') C supp xo, which depends only on (¢, D). Apply Proposition [2{along
with Lemma [19] yields

(6.11) Sl (k) < AL QN TH TV RAR

6.3.3. Type II sums. Splitting the interval [Q"/*, Q3*/4], we have

N(mn
sup S0 <5 s sup | Y ¥ (S5 o ()|
(o) HEN  (a8) - Q"
4<u< QH<N(m)<Qr+l

Let u, o, B satisfy the conditions in the suprema. By arguing as in (6.10]), we have

N
SY andall(Co oo = X and(ma)s,y () fmn
m n m,ne0 q
QH<N(m)<Qrtt QH<N(m)<Qrtl

for all e € O*. Here we abbreviated a,, = agn) and B, = B). We pick € so
that |(m/q¢*)"| < 1. Since also ||mn/q*|| < 1 by the support of V, we deduce that
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for some p/ = p+ O(1) and v with ¢/ + v = A+ O(1), we have m € N, and n € N,,.
Writing, for all x € K,

Via) = [ Tale (60 @)) e

we apply Proposition [3| exchanging the roles of y and v if i/ > v, and setting ¢(z) =
<§, L_l(:r;/qk)>. By Lemma, , and the divisor-bound

)< Y ot Y 1<,
neN, N(n)<Qv nen
In/q”||<1

we deduce

m,ne0
Q'<N (ﬂSSQ““

where 0 > min{n?ny, m0}. We conclude that

(6.12) sup ’Silf‘ﬁ(;{)‘ < AO(l)QA—M(L%JHTH—H
(@p) '

6.3.4. Conclusion. The claimed bound follows upon grouping the estimates (6.5)), (6.11))
and (6.12), and optimizing 7 and kg by

) O\ 1
A — Ko = 2—1—77217({1006J> +0(1), T=mn,"(AN—kKo)+O(1).

7. TWO ARITHMETIC APPLICATIONS : SUMS OF DIGITS AND RUDIN-SHAPIRO
SEQUENCES

In this section we prove Theorems [I] and 2} In view of Theorem [3] it will suffice to
prove that the functions s, p(n) and r,p(n) defined in ([1.1))—(1.3)) satisfy the Carry and

Fourier properties (2.5)—(2.6)).

7.1. Sums of digits in O. We let Z;-l:o ¢; X7 be the minimal polynomial of ¢ (with ¢ =
1), and also

d d

2

Ho=_¢ €L,  Myi=3 |l
5=0 j=0

Lemma 20. Let o € K. The function given by f(n) = e({asyp(n))) satisfies the Carry

property (2.5) with n1 = ne, and the Fourier property (2.6) with a function -y satisfying,
for some dg > 0 depending on Q) only,

0,
(7.1) YA) =2 Cypar+0(1),  Cypa = M](dQJrl) l; {eq0b) 122
Proof. We consider first the Carry property. If holds, then there is a carry prop-
agation in the sum m + n, where m = u; + v¢" and n = uy. Then, in the notations of
Lemma [§] the exists some b € By such that in the addition v + b, the carry propagates
beyond the p-th digit. By Lemma |8 and finiteness of By, there are at most O(2*72°)
possibilities for v.
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To establish the Fourier property, we argue as in Lemme 20 of [44], and Lemma 6.3
of [18]. We let

o) =

Ze(<(a+t)b>)‘-

beD
Using that 0 € D and Taylor expansion near the origin, we obtain the existence of wg >
0, depending only on @), such that

> elth)

beD

< Q10 Lep 10017

for all tuples of real numbers (6 )pep with 6y = 0. We deduce, for any fixed ¢t € K,

12

(7.2) ’(b(t)qﬁ(tq) . ¢(tqd)) < QdJrlwa > hen 2o lI{(atta?)b)
On the other hand, by the triangle and the Cauchy—Schwarz inequalities,

gz < (Sl (o + ) le)

<M, Z 1 (0 + t?)b) 13 2.
§=0

Summing this inequality over b and inserting in (7.2) yields
sup [9(1)@(tq) -~ ¢(tg")| < QI

where C p, is given in (7.1) with 0g = Qwg. From here, reasonning as in Lemme 20
of [44] concludes the proof. O

Proof of Theorem [l Let h € Z4o. For some o € K and all x € K, we have ¢(z) = (ax).
If p(b) € Q for some b € D, then ||h{uqab)|lr/z > 0. We apply Theorem 3| with f(n) =
e(hd(sq(n))). Using Lemma[20] we deduce the existence of § > 0 such that for all A € N,

> e(ho(sy(n))) < QUM
nEN,\
The Weil criterion [66, Theorem 1.6.13] concludes the proof. O

7.2. Rudin-Shapiro sequences.

Lemma 21. Let a € R, and (q,D) be a binary FNS. The function given by f(n) =

e(ary,p(n)) satisfies the Carry property (2.5) with my = 12, and the Fourier property (2.6)
with a function v satisfying

2
7(A) = 5108; (H\cos(wa)\) +0(1),

>~

and any Kk € N.

Proof. The Carry property follows by an argument identical to the one used in Lemma [20]
For the Fourier property, we use Theorem 3.1 in [3]. Note that the sum is restricted to
integers there, but what is actually considered is a sum over all words of fixed length.
The corresponding reduction in pages 12-13 is not needed in our case, since we are
summing over the full set Nj. O

Proof of Theorem[3. The deduction of Theorem [2] is identical to the argument used in
the case s, p(n). O
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APPENDIX A. ASYMPTOTIC BEHAVIOUR OF THE ADDITION CONSTANT

The constant 7y from Lemma |8 does not seem to admit an explicit expression in
terms e.g. of the minimal polynomial of ¢. In this section we consider the special case of
canonical number systems (CNS), meaning those number systems (g, D) satisfying D =
{0,1,...,Q — 1}. By [38], if qo is the basis of a CNS, then for all large enough m € N,
—m+q is also the basis of a CNS. The goal of this appendix is to show that as m — +o0,
there are admissible carry constants (from Lemma [§)) which are very close to the best
possible value.

Proposition 4. Suppose that qy is the basis of a CNS, and let m € N be large enough

that g == —m + qo also is. Then, for the CNS associated with q,,, Lemma[§ holds for
a value of nam satisfying
1 1
2.m Z g - O( )7

logm
where the implied constant depends at most on K and qo. Consequently, the border OF,,
of the fundamental tile associated to q,, has upper-box dimension

dimg (0F,) gd—1+o< )
logm

Note that we always have dimg(0.F,,) > d — 1.
Proof. The value 15 ,,, as was apparent from the proof of Lemma || is related to the
largest eigenvalue of the adjacency matrix of the tranducer describing carry propagation

in base ¢, (which was used in the above proof of Lemma . We will work with the
formalism described in [61], where this transducer was described explicitely for CNS.

For all m € N5y we let Z;lzo ¢jmX? be the minimal polynomial of ¢,, = —m + g,
with ¢4, = 1. Note that as m — oo, we have ¢;,, ~ md=J (?), so that for m large

enough in terms of gy the condition ¢;,, < ¢j_1, is satisfied for 1 < 57 < d. We define a
transducer 7T in the following way :

— The set of states is indexed by subsets I C {0,...,d},
— The set of labels is D = {0,...,by — 1},

— Given a state I = {ig,...,%} (with ig <--- <4,), we define
n(I) =3 (=1)ciym,
Jj=0

with the convention 7(@) = 0.
— From a labeled state (13, dy), there is a transition to another labeled state (Is, d>)
determined as follows :
— Ifdy +n(l1) < com, then dy =dy +n(fy) and Iy =1+ 1:={i+1,i € I}.
— Otherwise, dy = d1+n(11) —com and Ir = ((I+1)~{0,1})U({0, 1} (I+1)).
The states I = {0} and I = @ are absorbing. Let N,,(¢) be the number of possible
length ¢ paths in 7 not leading to an absorbing state. Then any value 7y, > 0 such
that N,,(¢) = O(QU=™)) is admissible as a carry constant.
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We wish to upper-bound the number N,,(¢). To this end, we partition the subsets
of {0,...,d} into d + 1 classes, according to their smallest or second smallest element :

V@a‘/la%"'avda

where V; = {{0}, @}, and for j > 1, V; consists of the sets whose minimal nonzero
element is j. We consider the directed graph G whose vertices are V, Vi, ..., Vy, and
for each pair (V, V") of vertices, we have an edge V' — V' with (possibly nil) multiplicity
given by the number of transitions (/1,d;) — (Is,ds) in T where I; € V and I, € V.
Let N/,(¢) be the total number of paths in G avoiding V with multiplicity. Then, by
construction, we have N,,(¢) < N/ ()

For j > 1, the number of edges in G from Vj to Vj4; (with the convention Vi, = V)
is given by

Gm =Y (com—n(D)+ > ()

I I: 0€l
min(l)=j min(I~{0})=j
=277 (com — Cim) + 27 i1 m,
while the rest of the edges going from Vj lead to V;, and the number of them is given by

_ od—j+1 d—j
Bim = 2777 Cjm — 27 Citam.

By Perron-Frobenius’ theorem, the number of such path is controlled by the leading
eigenvalue A, > 0 of the adjacency matrix (where the absorbing state V is taken away)

ﬁl,m 62,m 63,m 6d—1,m 6d,m

A 00 o 0 0
0 g 0 - 0 0
My,=1| . . . . )
o 0 0 . 0 0
0 0 0 - agim O

in the sense that N/ (£) = O((2\,,)%), say; we will not require anything more precise.
The characteristic polynomial of M, is

d
Pm(l‘) = xd - Z Qym - ak—l,mﬁk,mxd_k-
k=1

Uniformly for x > 0, as m — oo, we have

k(2d+1—k)
2

d d
> Qi e Bema® ™ = (14 0(1))m ™ Y2277 (m™) (ma)** @
k=1 el

d(d+1)

< (T+o()2 = ((z+m ) —af).

Therefore P,,(x) > 0 if x > Cm?! for a suitable number C' (depending on K and x),
and so \,, = O(m?™1), so that N,,(¢)"/* < m?!. We deduce that there is an admissible
constant 7y, satisfying Q'~™m < md=l. Since Q ~ m?, we conclude 7y, > é —
O(loglm) as claimed. The bound on the upper-box dimension follows by [61l, Theorem 4.7]
(with g = Q*™, Q ~m?, and Bae ~ m). O
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