
2π f
∫ 2π
0 |f(x)|dx < ∞

ck =
1

2π

∫ 2π

0
f(x)e−ikxdx.

f(x) =
∑

k∈Z

cke
ikx.

L2
2π−per f : R → C 2π∫ 2π

0 |f(x)|2dx < ∞

⟨f,g⟩ =
1

2π

∫ 2π

0
f(x)g(x)dx

x %→ eikx (k ∈ Z)

L2
2π−per

L2(R)



H

F H
pF : H → F

x ∈ H pF (x) y ∈ F

∀z ∈ F, ⟨x− y, z⟩ = 0.

pF H F Ker pF
H F⊥ H = F

⊕
F⊥

F u
F

∀x ∈ H, pF (x) =
⟨x, u⟩
||u||2

u.

(En)n∈N H
H En En

H H

H =
⊕

n∈N

En.

n En en H
En en

H en
1 (en)n∈N H

H (En)n∈N
u ∈ H n un = pEn(u)

u =
∞∑

n=0

un,

||u||2 =
∞∑

n=0

||un||2,

H
n ∈ N un ∈ En

∑
|un|2 < ∞

∑
un

u =
∞∑

n=0

un,

n un = pEn(u)



(en)n∈N H En

en un = ⟨u, en⟩ en ||un|| = |⟨u, en⟩|

u =
∞∑

n=0

⟨u, en⟩ en,

||u||2 =
∞∑

n=0

|⟨u, en⟩|2.

(αn)n∈N
∑

|αn|2 < ∞∑
αnen

u =
∞∑

n=0

αnen,

∀n ∈ N, αn = ⟨u, en⟩,

||u||2 =
∞∑

n=0

|αn|2.

f : R → C

F [f ](ξ) = f̂(ξ) =

∫

R

e−iξxf(x)dx

f̂

F−1[f̂ ](x) =
1

2π

∫

R

eiξxf̂(ξ)dξ

f ∈ L1(R) f̂ ∈ L1(R)

f = F−1[Ff ].

f̂ ∈ L1

L2

L1

L1(R) ∩ L2(R)
F : L2(R) → L2(R)

f,g ∈ L2(R)

||f ||2L2 =
1

2π

∫

R

|f̂(ξ)|2dξ,



⟨f,g⟩ =
1

2π

∫

R

f̂(ξ)ĝ(ξ)dξ,

F
L2(R) F−1

F L2(R) F−1

f,g ∈ L2(R)

∀k ∈ R, F [f(x− k)](ξ) = e−ikξf̂(ξ),

∀a > 0, F [f(ax)](ξ) =
1

a
f̂

(
ξ

a

)
,

F(f ∗ g) = F(f)F(g).

f̃(x) = f̄(−x) g = f̃

F(f ∗ f̃) = |f̂ |2.

L1
2π−per f : R → C 2π∫ 2π

0 |f(x)|dx < ∞

f ∈ L1
2π−per ck(f)

f
Φ : L1

2π−per → l∞(Z)

L1
2π−per f ∈ L1

2π−per

P : [0,2π] → C ∫ 2π

0
f(x)P (x)dx = 0.

g L1
2π−per

[0,2π] g (Pn)n∈N

∫ 2π

0
f(x)Pn(x)dx −−−→

n→∞

∫ 2π

0
f(x)g(x)dx,

∫ 2π

0
f(x)g(x)dx = 0.



(gn)n∈N L1
2π−per

sgn(f)
sgn(f) L1([0,2π])

≥ 1

∫ 2π

0
f(x)gn(x)dx −−−→

n→∞

∫ 2π

0
f(x)sgn(f(x))dx =

∫ 2π

0
|f(x)|dx,

∫ 2π

0
|f(x)|dx = 0,

f = 0 L1
2π−per

L1
2π−per

f ∈ L1(R)

S(x) =
∑

l∈Z

f(x+ 2lπ)

x S ∈ L1
2π−per

ck(S) =
1

2π
f̂(k) = F−1f(−k).

∫ 2π

0

∑

l∈Z

|f(x+ 2lπ)| dx =
∑

l∈Z

∫ 2π

0
|f(x+ 2lπ)| dx

=
∑

l∈Z

∫ 2(l+1)π

2lπ
|f(y)| dy =

∫

R

|f(y)| dy

f
∑

l∈Z

|f(x+ 2lπ)| < ∞

S(x) x

∫ 2π

0
|S(x)| dx ≤

∫ 2π

0

∑

l∈Z

|f(x+ 2lπ)|dx =

∫

R

|f(x)| dx < ∞.

2π S ∈ L1
2π−per

∫ 2π

0

∑

l∈Z

|f(x+ 2lπ)| dx < ∞,



∑ ∫

ck(S) =
1

2π

∫ 2π

0
S(x)e−ikxdx =

1

2π

∫ 2π

0

∑

l∈Z

f(x+ 2lπ)e−ikxdx

=
1

2π

∑

l∈Z

∫ 2π

0
f(x+ 2lπ)e−ikxdx =

1

2π

∑

l∈Z

∫ 2(l+1)π

2lπ
f(y)e−ikydy

=
1

2π

∫

R

f(y)e−ikydy =
1

2π
f̂(k).

S = 0 k F−1f(k) = 0.

S = 1 F−1f(0) = 1 k
F−1f(k) = 0.

L1
2π−per

ϕ(x) = 1[0,1](x).

ϕ0,k : x %→ ϕ(x− k) = 1[k,k+1](x) (k ∈ Z)

L2(R) V0 L2(R)

V0 =
⊕

k∈Z

Cϕ0,k.

f ∈ V0

L2(R)

f =
∑

k∈Z

ckϕ0,k

∑

k∈Z

|ck|2 < ∞.

V0 f
[k,k+1] k ∈ Z f

[k,k + 1]



ϕj,k : x %→ 2j/2ϕ(2jx− k) = 2j/21[ k
2j

, k+1

2j
](x) (j ∈ Z, k ∈ Z).

j (ϕj,k)k∈Z L2(R)
Vj L2(R)

Vj =
⊕

k∈Z

Cϕj,k,

f [ k2j ,
k+1
2j ]

(Vj)j∈Z L2(R)
Vj

2−j

⋃
j∈N Vj L2(R)

L2(R)
1[a,b]

(ϕj,k)j∈N,k∈Z

1[an,bn] −−−→n→∞
1[a,b] L2(R),

an bn n a b

(ϕj,k)j∈N,k∈Z L2(R)

f ∈ L2(R)

f =
∑

j,k

λj,kϕj,k

(ϕj,k)
V0 V1

V1 = V0 ⊕W0,

W0 V0 V1

N ≥ 1

VN = V0 ⊕

⎛

⎝
N−1⊕

j=0

Wj

⎞

⎠ ,

Wj Vj Vj+1
⋃

N∈N VN

L2(R) V0 (Wj)j∈N

L2(R) = V0 ⊕

⎛

⎝
⊕

j∈N

Wj

⎞

⎠ .



Wj

j = 0

ψ = −1[0, 1
2
] + 1[ 1

2
,1],

L2 1 ϕ

ψ0,k : x %→ ψ(x− k) = −1[k,k+ 1
2
](x) + 1[k+ 1

2
,k+1](x),

ψ

(ψ0,k)k∈Z W0

(ψ0,k)k∈Z

W0

(ϕ0,l)l∈Z ψ = ψ0,0

ϕ = ϕ0,0 (ϕ0,l)l ̸=0 ψ
ψ

ϕ
(ψ0,k)k∈Z W0

(ϕ0,l)l∈Z (ψ0,k)k∈Z V1 f ∈ V1

f =
∑

l∈Z

λlϕ0,l +
∑

k∈Z

µkψ0,k

f W0 l λl = ⟨f,ϕ0,l⟩ = 0

f =
∑

k∈Z

µkψ0,k.

f ∈ V1 f

f =
∑

q∈Z

cqϕ1,q

∑

q∈Z

|cq|2 < ∞.

ϕj,k ψ0,k

ϕ1,2p =
√
21[p,p+ 1

2
] =

√
2

2
(ϕ0,p − ψ0,p) ,

ϕ1,2p+1 =
√
21[p+ 1

2
,p+1] =

√
2

2
(ϕ0,p + ψ0,p) .

f =
∑

q∈Z

cqϕ1,q =
∑

p∈Z

c2pϕ1,2p +
∑

p∈Z

c2p+1ϕ1,2p+1

=
∑

p∈Z

√
2

2
c2pϕ0,p −

∑

p∈Z

√
2

2
c2pψ0,p +

∑

p∈Z

√
2

2
c2p+1ϕ0,p +

∑

p∈Z

√
2

2
c2p+1ψ0,p

=
∑

p∈Z

√
2

2
(c2p + c2p+1)ϕ0,p +

∑

p∈Z

√
2

2
(−c2p + c2p+1)ψ0,p.

∑
|cq|2 < ∞



ψ

ψj,k : x %→ 2j/2ψ(2jx− k) (j ∈ Z, k ∈ Z),

ψj,k = 2j/2
(
−1[ k

2j
, k
2j

+ 1

2j+1 ]
+ 1[ k

2j
+ 1

2j+1 ,
k+1

2j
]

)
.

j (ψj,k)k∈Z
Wj

j = 0

(ϕ0,k)k∈Z (ψj,k)j∈N,k∈Z
L2(R) f ∈ L2(R)

f =
∑

k∈Z

α0,kϕ0,k +
∑

j∈N

∑

k∈Z

βj,kψj,k,

L2(R)

L2(R)

ϕ ∈ L2(R)

ϕ0,k : x %→ ϕ(x− k) (k ∈ Z)

L2(R) V0

V0 =
⊕

k∈Z

Cϕ0,k =

{
∑

k∈Z

ckϕ0,k,
∑

k∈Z

|ck|2 < ∞

}

.

j ∆j : L2(R) → L2(R) f
x %→ 2j/2f(2jx) ∆j

∆−j L2(R)
∆j

j Vj V0 ∆j

L2(R) ϕj,k = ∆j(ϕ0,k)
ϕ

ϕj,k : x %→ 2j/2ϕ(2jx− k).

∆j V0 Vj (ϕ0,k)k∈Z
V0 (ϕj,k)k∈Z

Vj

Vj = ∆j(V0) = {h ∈ L2(R) |∃f ∈ V0, h(x) = f(2jx) } =
⊕

k∈Z

Cϕj,k.



ϕ

∀j ∈ Z, Vj ⊂ Vj+1,
⋃

j∈N

Vj L2(R).

ϕ (Vj)j∈Z
L2(R)

∆j V0 ⊂ V1

j Wj Vj

Vj+1 N ≥ 1

VN = V0 ⊕

⎛

⎝
N−1⊕

j=0

Wj

⎞

⎠ .

⋃
j∈N Vj L2(R) V0

Wj j ≥ 0

L2(R) = V0 ⊕

⎛

⎝
⊕

j∈N

Wj

⎞

⎠ .

j (ψj,k)k∈Z Wj

(ϕ0,k)k∈Z (ψj,k)j∈N,k∈Z L2(R)
f ∈ L2(R)

f =
∑

k∈Z

αkϕ0,k +
∑

j∈N

∑

k∈Z

βj,kψj,k,

L2(R)
f

ψ j

ψj,k : x %→ 2j/2ψ(2jx− k) (k ∈ Z)

Wj ψ
f

(ψ0,k)k∈Z W0 Vj

V0 ∆j Wj = ∆j(W0)
ψ ψj,k = ∆j(ψ0,k)

(ψ0,k)k∈Z W0 j (ψj,k)k∈Z Wj

V0

Vj

j
j Wj

(ψj,k)k∈Z (βj,k)k∈Z

αk = ⟨f,ϕ0,k⟩ =
∫

R

f(x)ϕ0,k(x)dx,



βj,k = ⟨f,ψj,k⟩ =
∫

R

f(x)ψj,k(x)dx.

f − pV0
(f) =

∑

j∈N

∑

k∈Z

βj,kψj,k

f
f

V0

n0 ∈ Z
⋃

n≥n0

Vn L2(R) Vn0
⊕
⊕

j≥n0

Wj L2(R)

n > n0 Vn = Vn0
⊕Wn0

⊕Wn0+1 ⊕ . . . ⊕Wn−1

Vn n p,q ∈ Z
⋃

n≥p

Vn L2(R)
⋃

n≥q

Vn L2(R).

n0 n1

⋃

n≥n0

Vn L2(R) Vn1
⊕
⊕

j≥n1

Wj L2(R).

⋃
n≥0 Vn L2(R)

f ∈ L2(R)

f =
∑

k∈Z

αn0,kϕn0,k +
∑

j≥n0

∑

k∈Z

βj,kψj,k.

⊕
j∈ZWj L2(R) f ∈ L2(R)

f =
∑

j∈Z

∑

k∈Z

βj,kψj,k.

ϕ ∈ L2(R)

(ϕ0,k)k∈Z L2(R),

∀j ∈ Z, Vj ⊂ Vj+1,⋃

j∈N
Vj L2(R).

ψ ∈ L2(R)

(ψ0,k)k∈Z W0.



ϕ ψ

ϕ ψ

ϕ ∈ L2(R)
(ϕ0,k)k∈Z L2(R)

∑

k∈Z

|ϕ̂(ξ + 2kπ)|2 = 1 ξ.

q = ϕ ∗ ϕ̃ ϕ̃(x) = ϕ(−x) q̂ = |ϕ̂|2

∀ξ ∈ R, ∀k ∈ Z, q̂(ξ + 2kπ) = |ϕ̂(ξ + 2kπ)|2,

∀ξ ∈ R,
∑

k∈Z

q̂(ξ + 2kπ) =
∑

k∈Z

|ϕ̂(ξ + 2kπ)|2.

ϕ ∈ L2(R) q̂
ξ S(ξ)

2π ck(S) = F−1[q̂](−k) = q(−k)
q

q(k) =

∫

R

ϕ̃(k − x)ϕ(x)dx =

∫

R

ϕ(x)ϕ(x − k)dx.

(ϕ0,k)k∈Z L2(R)

⇐⇒ ∀k,l ∈ Z,
∫
R
ϕ(x− l)ϕ(x− k)dx = δl,k

⇐⇒ ∀k ∈ Z,
∫
R
ϕ(x)ϕ(x − k)dx = δ0,k

⇐⇒ ∀k ∈ Z, ck(S) = δ0,k

⇐⇒
∑

k∈Z q̂(ξ + 2kπ) = 1 ξ

⇐⇒
∑

k∈Z |ϕ̂(ξ + 2kπ)|2 = 1 ξ

(Vj)j∈Z m0 ∈
L2
2π−per

ϕ̂(ξ) = m0

(
ξ

2

)
ϕ̂

(
ξ

2

)
ξ.

(Vj)j∈Z
V0 V1



V̂0 V̂1 V0 V1

V̂j

Vj =

{
∑

k∈Z

bkϕ(2
jx− k) ,

∑

k∈Z

|bk|2 < ∞

}
.

V̂j =

{
∑

k∈Z

bkF [ϕ(2jx− k)](ξ) ,
∑

k∈Z

|bk|2 < ∞

}

=

{
∑

k∈Z

bk
2j

F [ϕ(x− k)]

(
ξ

2j

)
,
∑

k∈Z

|bk|2 < ∞

}

=

{
∑

k∈Z

bk
2j

exp

(
−
ikξ

2j

)
ϕ̂

(
ξ

2j

)
,
∑

k∈Z

|bk|2 < ∞

}

=

{ (
∑

k∈Z

ck exp

(
−ik

(
ξ

2j

)))

ϕ̂

(
ξ

2j

)
,
∑

k∈Z

|ck|2 < ∞

}

=

{
m

(
ξ

2j

)
ϕ̂

(
ξ

2j

)
, m ∈ L2

2π−per

}
.

V0 ⊂ V1

ϕ̂ ∈ V̂1

f ∈ V0

f̂(ξ) = m(ξ)ϕ̂(ξ) = m(ξ)m0

(
ξ

2

)
ϕ̂

(
ξ

2

)
,

m ∈ L2
2π−per

ξ %→ m(2ξ)m0(ξ) L2
2π−per f̂ ∈ V̂1 2π

m0

ϕ ∈ L2(R) (ϕ0,k)k∈Z L2(R)
m0 ∈ L2

2π−per

|m0(ξ)|2 + |m0(ξ + π)|2 = 1 ξ.

m0 2π
ξ

1 =
∑

k∈Z

|ϕ̂(2ξ + 2kπ)|2 =
∑

k∈Z

|m0(ξ + kπ)|2|ϕ̂(ξ + kπ)|2

=
∑

p∈Z

|m0(ξ + 2pπ)|2|ϕ̂(ξ + 2pπ)|2 +
∑

q∈Z

|m0(ξ + (2q + 1)π)|2|ϕ̂(ξ + (2q + 1)π)|2

= |m0(ξ)|2
∑

p∈Z
|ϕ̂(ξ + 2pπ)|2 + |m0(ξ + π)|2

∑

q∈Z
|ϕ̂(ξ + π + 2qπ)|2

= |m0(ξ)|2 + |m0(ξ + π)|2.



ϕ
ϕ ψ

ϕ m0 ∈ L2
2π−per

m1(ξ) = m0(ξ + π)e−iξ,

ψ̂(ξ) = m1

(
ξ

2

)
ϕ̂

(
ξ

2

)
,

ψ ψ̂

(ψ0,k)k∈Z L2(R)

∑

k∈Z

|ψ̂(ξ + 2kπ)|2 = 1 ξ.

ψ̂ m1

∑

k∈Z

∣∣∣∣m1

(
ξ

2
+ kπ

)∣∣∣∣
2 ∣∣∣∣ϕ̂

(
ξ

2
+ kπ

)∣∣∣∣
2

=
∑

k∈Z

∣∣∣∣m0

(
ξ

2
+ π + kπ

)∣∣∣∣
2 ∣∣∣∣ϕ̂

(
ξ

2
+ kπ

)∣∣∣∣
2

.

m0 2π

∣∣∣∣m0

(
ξ

2
+ π

)∣∣∣∣
2∑

p∈Z

∣∣∣∣ϕ̂
(
ξ

2
+ 2pπ

)∣∣∣∣
2

+

∣∣∣∣m0

(
ξ

2

)∣∣∣∣
2∑

q∈Z

∣∣∣∣ϕ̂
(
ξ

2
+ π + 2qπ

)∣∣∣∣
2

.

ϕ ξ

∣∣∣∣m0

(
ξ

2
+ π

)∣∣∣∣
2

+

∣∣∣∣m0

(
ξ

2

)∣∣∣∣
2

1 ξ
(ψ0,k)k∈Z W0

V0 V1 ψ̂ ψ ∈ V1

V̂1

k ψ0,k ∈ V1

ψ̂0,k(ξ) = e−ikξψ̂(ξ).

(ψ0,k)k∈Z V0 (ϕ0,l)l∈Z
V0 (ψ0,k)k∈Z (ϕ0,l)l∈Z

g = ϕ ∗ ψ̃ ψ̃(x) = ψ(−x)

ĝ = ϕ̂ ˆ̃ψ = ϕ̂ψ̂.



ϕ ψ ĝ

∑

k∈Z

ĝ(ξ + 2kπ)

ξ S(ξ) L1
2π−per

ck(S) = F−1[ĝ](−k) = g(−k).

(ψ0,k)k∈Z (ϕ0,l)l∈Z

⇐⇒ ∀k,l ∈ Z,
∫
R
ϕ(x− k)ψ(x− l)dx = 0

⇐⇒ ∀k ∈ Z,
∫
R
ϕ(x)ψ(x − k)dx = 0

⇐⇒ ∀k ∈ Z, ϕ ∗ ψ̃(k) = 0

⇐⇒
∑

k∈Z ĝ(ξ + 2kπ) = 0 ξ

⇐⇒
∑

k∈Z ϕ̂(ξ + 2kπ)ψ̂(ξ + 2kπ) = 0 ξ

ψ̂ 2π m0 m1

m1 ξ
∑

k∈Z

ϕ̂(ξ + 2kπ)ψ̂(ξ + 2kπ)

=
∑

k∈Z

ϕ̂

(
ξ

2
+ kπ

)
m0

(
ξ

2
+ kπ

)
ϕ̂

(
ξ

2
+ kπ

)
m1

(
ξ

2
+ kπ

)

=
∑

k∈Z

∣∣∣∣ϕ̂
(
ξ

2
+ kπ

)∣∣∣∣
2

m0

(
ξ

2
+ kπ

)
m1

(
ξ

2
+ kπ

)

= m0

(
ξ

2

)
m1

(
ξ

2

)∑

p∈Z

∣∣∣∣ϕ̂
(
ξ

2
+ 2pπ

)∣∣∣∣
2

+ m0

(
ξ

2
+ π

)
m1

(
ξ

2
+ π

)∑

q∈Z

∣∣∣∣ϕ̂
(
ξ

2
+ π + 2qπ

)∣∣∣∣
2

= m0

(
ξ

2

)
m1

(
ξ

2

)
+ m0

(
ξ

2
+ π

)
m1

(
ξ

2
+ π

)

= m0

(
ξ

2

)
exp

(
i
ξ

2

)
m0

(
ξ

2
+ π

)
+m0

(
ξ

2
+ π

)
exp

(
i

(
ξ

2
+ π

))
m0

(
ξ

2

)

= exp

(
i
ξ

2

)
m0

(
ξ

2

)
m0

(
ξ

2
+ π

)
− exp

(
i
ξ

2

)
m0

(
ξ

2

)
m0

(
ξ

2
+ π

)

= 0

(ψ0,k)k∈Z (ϕ0,l)l∈Z
(ψ0,k)k∈Z W0

f ∈ W0

f(x) =
∑

k∈Z

ckψ(x− k)
∑

k∈Z

|ck|2 < ∞,



f̂(ξ) = ν(ξ)ψ̂(ξ),

ν ∈ L2
2π−per f ∈ W0

ψ0,k W0 f W0

f ∈ V1 m ∈ L2
2π−per

f̂(ξ) = m

(
ξ

2

)
ϕ̂

(
ξ

2

)
ξ.

h = ϕ ∗ f̃ ĥ
f V0

∑

k∈Z

ϕ̂(ξ + 2kπ)f̂ (ξ + 2kπ) = 0 ξ,

ξ
ξ

∑

k∈Z

ϕ̂(ξ + 2kπ)f̂ (ξ + 2kπ)

=
∑

k∈Z

ϕ̂

(
ξ

2
+ kπ

)
m0

(
ξ

2
+ kπ

)
ϕ̂

(
ξ

2
+ kπ

)
m

(
ξ

2
+ kπ

)

=
∑

k∈Z

∣∣∣∣ϕ̂
(
ξ

2
+ kπ

)∣∣∣∣
2

m0

(
ξ

2
+ kπ

)
m

(
ξ

2
+ kπ

)

= m0

(
ξ

2

)
m

(
ξ

2

)∑

p∈Z

∣∣∣∣ϕ̂
(
ξ

2
+ 2pπ

)∣∣∣∣
2

+ m0

(
ξ

2
+ π

)
m

(
ξ

2
+ π

)∑

q∈Z

∣∣∣∣ϕ̂
(
ξ

2
+ π + 2qπ

)∣∣∣∣
2

= m0

(
ξ

2

)
m

(
ξ

2

)
+ m0

(
ξ

2
+ π

)
m

(
ξ

2
+ π

)
.

ζ = ξ
2

m(ζ)m0(ζ) +m(ζ + π)m0(ζ + π) = 0 ζ.

ζ m0(ζ)
m0(ζ + π)

λ(ζ) =

⎧
⎨

⎩
−m(ζ+π)

m0(ζ)
m0(ζ) ̸= 0

m(ζ)

m0(ζ+π)
m0(ζ + π) ̸= 0

m(ζ) = λ(ζ)m0(ζ + π) ζ.



m m0 2π λ

λ(ζ) + λ(ζ + π) = 0 ζ.

eiζ

eiζλ(ζ)− eiζ+iπλ(ζ + π) = 0 ζ,

ζ ξ
2

exp

(
i
ξ

2

)
λ

(
ξ

2

)
= exp

(
i
ξ + 2π

2

)
λ

(
ξ + 2π

2

)
ξ,

ν(ξ) = exp

(
i
ξ

2

)
λ

(
ξ

2

)

2π f
ξ

f̂(ξ) = λ

(
ξ

2

)
m0

(
ξ

2
+ π

)
ϕ̂

(
ξ

2

)

= ν(ξ) exp

(
−i
ξ

2

)
m0

(
ξ

2
+ π

)
ϕ̂

(
ξ

2

)

= ν(ξ)ψ̂(ξ).
∫ 2π
0 |ν(ξ)|2dξ < ∞ m ∈ L2

2π−per

∫ 2π

0
|m(ζ)|2dζ < ∞.

∫ 2π

0
|m(ζ)|2dζ =

∫ 2π

0
|λ(ζ)|2|m0(ζ + π)|2dζ

=

∫ π

0

(
|λ(ζ)|2|m0(ζ + π)|2 + |λ(ζ + π)|2|m0(ζ)|2

)
dζ

=

∫ π

0
|λ(ζ)|2

(
|m0(ζ)|2 + |m0(ζ + π)|2

)
dζ

=

∫ π

0
|λ(ζ)|2dζ

= 2

∫ 2π

0

∣∣∣∣λ
(
ξ

2

)∣∣∣∣
2

dξ

= 2

∫ 2π

0
|ν(ξ)|2dξ,

λ(ζ) λ(ζ+π)

λ(ζ) + λ(ζ + π) = 0 ζ.

f̂(ξ) = ν(ξ)ψ̂(ξ) ξ,

ν ∈ L2
2π−per f ∈ W0



ψ̂

f ∈ W0

f̂(ξ) = ν(ξ) exp

(
−i
ξ

2

)
m0

(
ξ

2
+ π

)
ϕ̂

(
ξ

2

)
,

ν ∈ L2
2π−per

ψ

ϕ (ϕ1,k)k∈Z V1

ϕ m0 ∈ L2
2π−per

ψ
m0 ∈ L2

2π−per

m0(ξ) =
1√
2

∑

k∈Z

hke
−ikξ,

∑

k∈Z

|hk|2 < ∞.

ϕ̂(ξ) =
1√
2

∑

k∈Z

hk exp

(
−ik

ξ

2

)
ϕ̂

(
ξ

2

)
=

√
2
∑

k∈Z

hkF [ϕ(2x − k)](ξ),

ϕ(x) =
√
2
∑

k∈Z

hkϕ(2x − k) =
∑

k∈Z

hkϕ1,k(x),

(hk)k∈Z ϕ
(ϕ1,k)k∈Z V1 m0 ( 1√

2
e−ikξ)k∈Z

L2
2π−per ϕ (ϕ1,k)k∈Z

m0 (hk)k∈Z

1 = |m0(ξ)|2 + |m0(ξ + π)|2

= m0(ξ)m0(ξ) +m0(ξ + π)m0(ξ + π)

=
1

2

(
∑

k∈Z

hke
−ikξ

)(
∑

k′∈Z

h̄k′e
ik′ξ

)
+

1

2

(
∑

k∈Z

hke
−ik(ξ+π)

)(
∑

k′∈Z

h̄k′e
ik′(ξ+π)

)

=
1

2

∑

k,k′∈Z

hkh̄k′e
i(k′−k)ξ +

1

2

∑

k,k′∈Z

hkh̄k′e
i(k′−k)ξ+i(k′−k)π

=
1

2

∑

k,k′∈Z

hkh̄k′e
i(k′−k)ξ

(
1 + ei(k

′−k)π
)

=
∑

l∈Z

(
∑

k∈Z

hkhk+2l

)

e2ilξ,



∑
|hk|2 < ∞

∀l ∈ Z,
∑

k∈Z

hkhk+2l = δ0,l.

ψ (ϕ1,k)k∈Z
(hk)k∈Z ψ

ψ̂(ξ) = m0

(
ξ

2
+ π

)
exp

(
−i
ξ

2

)
ϕ̂

(
ξ

2

)
.

m0

ψ̂(ξ) =
1√
2

∑

k∈Z

h̄k exp

(
ik

(
ξ

2
+ π

)
− i

ξ

2

)
ϕ̂

(
ξ

2

)

=
1√
2

∑

k∈Z

h̄k(−1)k exp

(
i(k − 1)

ξ

2

)
ϕ̂

(
ξ

2

)

=
1√
2

∑

k′∈Z

h1−k′(−1)k
′+1 exp

(
−ik′

ξ

2

)
ϕ̂

(
ξ

2

)
.

λk = (−1)k+1h1−k

ψ̂(ξ) =
√
2
∑

k∈Z

λkF [ϕ(2x − k)](ξ),

ψ(x) =
√
2
∑

k∈Z

λkϕ(2x− k) =
∑

k∈Z

λkϕ1,k(x),

(λk)k∈Z ψ
(ϕ1,k)k∈Z V1

g ∈ L2(R)
(g(·−k))k∈Z

A,B > 0 Λ ⊂ Z

(λk)k∈Λ

A
∑

k∈Λ

|λk|2 ≤
∫

R

|
∑

k∈Λ

λkg(x− k)|2dx ≤ B
∑

k∈Λ

|λk|2.



(g(· − k))k∈Z
L2(R) (g(· − k))k∈Z L2 ∑

λkg(· − k)
l2 (λk)

g ∈ L2(R)
(g(· − k))k∈Z

A,B > 0

A ≤
∑

k∈Z

|ĝ(ξ + 2kπ)|2 ≤ B ξ.

g

Γ(ξ) =

(
∑

k∈Z

|ĝ(ξ + 2kπ)|2
)1/2

A ≤ Γ(ξ)2 ≤ B ξ

2π Γ

∫

R

|
∑

k∈Λ

λkg(x− k)|2dx =
1

2π

∫ 2π

0
|
∑

k∈Λ

λke
−ikξ|2Γ(ξ)2dξ.

1

2π

∫ 2π

0
|
∑

k∈Λ

λke
−ikξ|2dx =

∑

k∈Λ

|λk|2.

(g(· − k))k∈Z
m(ξ)

A
1

2π

∫ 2π

0
|m(ξ)|2dξ ≤

1

2π

∫ 2π

0
|m(ξ)|2Γ(ξ)2dξ ≤ B

1

2π

∫ 2π

0
|m(ξ)|2dξ.

DN (ξ) =
∑

|k|≤N

eikξ =
sin (2N+1)ξ

2

sin ξ
2

,

KN (ξ) =
1

N

N−1∑

n=0

Dn(ξ) =
1

N

∑

|k|≤N

(
1−

|k|
N

)
eikξ =

1

N

(
sin Nξ

2

sin ξ
2

)2

.

K2N+1(ξ) =

∣∣∣∣
1√

2N + 1
DN (ξ)

∣∣∣∣
2

,



1

2π

∫ 2π

0
K2N+1(ξ)dξ = 1.

ξ0 ∈ R

m(ξ) =
1√

2N + 1
DN (ξ0 − ξ),

N ≥ 0

A ≤
1

2π

∫ 2π

0
K2N+1(ξ0 − ξ)Γ(ξ)2dξ ≤ B.

K2N+1 ∗ Γ2(ξ0)

K2N+1 ∗ Γ2(ξ0) −−−−→
N→∞

Γ2(ξ0) ξ0.

N

g
(g(·−k))k∈Z

(g(· − k))k∈Z
ϕ ∈ L2(R)

ϕ̂(ξ) =
ĝ(ξ)

Γ(ξ)
.

(ϕ0,k)k∈Z L2(R)

Γ 2π

∑

k∈Z

|ϕ̂(ξ + 2kπ)|2 =
1

Γ(ξ)2

∑

k∈Z

|ĝ(ξ + 2kπ)|2 = 1,

m0

ϕ
ϕ

m0 ϕ

ϕ̂(ξ) = m0

(
ξ

2

)
ϕ̂

(
ξ

2

)
= m0

(
ξ

2

)
m0

(
ξ

4

)
ϕ̂

(
ξ

4

)
= · · ·



ϕ̂(0) = 1 ϕ

ϕ̂(ξ) =
∞∏

j=1

m0

(
ξ

2j

)
.

ϕ m0

m0 m0(0) = 1

m0

m0(ξ) =
1√
2

N1∑

k=N0

hke
−ikξ N0, N1 ∈ Z .

N1∑

k=N0

hk = 1,

m0(0) = 1 m0

m0

K R ξ
K ∩ (ξ + 2πZ)

∀j ≥ 1, ∀ξ ∈ K, m0

(
ξ

2j

)
̸= 0.

ϕ̂(ξ) =
∞∏

j=1

m0

(
ξ

2j

)

ϕ ∈ L2(R) [N0,N1]
(ϕ0,k)k∈Z L2(R) ψ ∈ L2(R)

[12 (1−N1 +N0),
1
2(1 −N0 +N1)]

K = [−π,π]
m0 [−π

2 ,
π
2 ]

hk

ϕ ψ



ϕ

∀l = 1, . . . , n,
N1∑

k=N0

hkk
l = 0,

ϕ n

∀l = 1, . . . , n,

∫

R

ϕ(x)xldx = 0.

ψ

∀l = 1, . . . , n,
N1∑

k=N0

λkk
l =

1−N0∑

k=1−N1

(−1)kh̄k(1− k)l = 0,

ψ n

∀l = 1, . . . , n,

∫

R

ψ(x)xldx = 0.

N1∑

k=N0

hkk
l = 0

m0 n
m0 ϕ̂ ϕ̂

ϕ

ϕ ψ

m0

(hk)k∈Z ( 1√
2
e−ikξ)k∈Z m0

hk
ϕ

aj,k = ⟨ϕ,ϕj,k⟩,

bj,k = ⟨ϕ,ψj,k⟩.

(ϕj+1,k)k∈Z (hk)k∈Z
φj,0 (λk)k∈Z λk = (−1)k+1h1−k ψj,0



aj,k =
∑

l∈Z

hl−2kaj+1,l,

bj,k =
∑

l∈Z

λl−2kaj+1,l,

aj+1,k =
∑

l∈Z

aj,lhk−2l +
∑

l∈Z

bj,lλk−2l.

ϕ (ϕ0,k)k∈Z

a0,k = δ0,k,

ϕ m2−N

ϕ(m2−N ) = lim
j→∞

2j/2⟨ϕ,ϕj,m2j−N ⟩.

ϕ α
∣∣∣ϕ(m2−N )− 2j/2⟨ϕ,ϕj,m2j−N ⟩

∣∣∣ ≤ K2−jα,

K ||ϕ||L1Rα ϕ [−R,R]

K

⟨ϕ,ϕj,m2j−N ⟩ = aj,m2j−N ,

aj,k ϕ

g1 = 1[0,1],

∀N ≥ 1, gN = g∗N1 .

gN

ĝN (ξ) =

(
1− e−iξ

iξ

)N

=

(
e−i ξ

2

sin ξ
2

ξ
2

)N

.

|ĝN (ξ + 2kπ)|2 =

∣∣∣∣∣∣

sin
(
ξ
2 + kπ

)

ξ
2 + kπ

∣∣∣∣∣∣

2N

.



sin(ξ)
ξ

A,B > 0

A ≤ Γ(ξ)2 ≤ B.

N ≥ 1 gN
N ≥ 1 ϕN

N = 1
N = 2

ĝ2(ξ) = e−iξ

(
sin ξ

2
ξ
2

)2

.

Γ(ξ)2 =
∑

k∈Z

∣∣∣∣∣∣

sin
(
ξ
2 + kπ

)

ξ
2 + kπ

∣∣∣∣∣∣

4

=
2 + cos ξ

3
.

ϕ2

ϕ̂2(ξ) =

√
3

2 + cos ξ
e−iξ

(
sin ξ

2
ξ
2

)2

=

√
3

2 + cos ξ
ĝ2(ξ).

ϕ2

(g2(·− k))k∈Z
√

3

2 + cos ξ
=
∑

k∈Z

ake
−ikξ.

ϕ2

ϕ2(x) =
∑

k∈Z

akg2(x− k).

ϕ̂2 m0 m1

m0(ξ) =
ϕ̂(2ξ)

ϕ̂(ξ)
= e−iξ

(
cos

ξ

2

)2
√

2 + cos ξ

2 + cos 2ξ
,

m1(ξ) = m0(ξ + π)e−iξ =

(
sin

ξ

2

)2
√

2− cos ξ

2 + cos 2ξ
,

ψ2 ϕ2

ψ̂2(ξ) = m1

(
ξ

2

)
ϕ̂

(
ξ

2

)
=

sin4
(
ξ
4

)

(
ξ
4

)2

√
2− cos ξ

2

2 + cos ξ

√
3

2 + cos ξ
2

e−i ξ
2 .

m0 L2
2π−per

ϕ2

R ψ2

x = 1
2 R



m0

m0(ξ) =

(
1 + e−iξ

2

)N

L(ξ),

N ≥ 1 L(ξ)
L m0

cos(ξ)

M0(ξ) = |m0(ξ)|2

cos(ξ)

Q(ξ) = |L(ξ)|2

cos(ξ)

M0(ξ) =

(
cos2

(
ξ

2

))N

Q(ξ).

sin2
(
ξ

2

)
=

1− cos ξ

2
,

Q(ξ) sin2
(
ξ
2

)

M0(ξ) =

(
cos2

(
ξ

2

))N

P

(
sin2

(
ξ

2

))
,

P

y = sin2
(
ξ
2

)

(1− y)NP (y) + yNP (1− y) = 1 y ∈ [0,1].

y

P L(ξ) P
(
sin2

(
ξ
2

))

|L(ξ)|2 = P

(
sin2

(
ξ

2

))
.

ϕ

D(2N) Db(2N) D2

ϕ ⊂ [0,2N − 1]

ψ ⊂ [−N + 1,N ]



∀l = 0, . . . , N − 1,
∫
R
ψ(x)xldx = 0

N ≥ 2 ϕ ψ λNN λN −−−→
n→∞

0,2

m0

m0(ξ) =

(
1 + e−iξ

2

)N

L(ξ),

L(ξ)
∫

R

ϕ(x)dx = 1,
∫

R

xlϕ(x)dx = 0 ∀l = 1, . . . , N − 1,
∫

R

xlψ(x)dx = 0 ∀l = 0, . . . , N − 1,

ϕ̂(0) = 1,

ϕ̂(l)(0) = 0 ∀l = 1, . . . , N − 1,

ψ̂(l)(0) = 0 ∀l = 0, . . . , N − 1.

m0

m0(ξ) = 1 +
(
1− e−iξ

)N
S(ξ),

S(ξ) N = 2K m0

m0(ξ) =

(
1 + e−iξ

2

)2K

P1(ξ),

P1(ξ) =
K−1∑

k=0

Ck
K−1+k

(
sin2

(
ξ

2

))k

+

(
sin2

(
ξ

2

))K

F (ξ),

F (ξ)
CK

ϕ ⊂ [−2K, 4K − 1]

ψ ⊂ [−4K + 1,2K]
∫
R
xlϕ(x)dx = 0 ∀l = 1, . . . , 2K − 1

∫
R
xlψ(x)dx = 0 ∀l = 0, . . . , 2K − 1

ϕ



f
f(kη) η

ϕ
f f

f VJ

f(x) ≈
∑

k∈Z

αJ,kϕJ,k(x).

f
J f

f Vj j ≤ J
j

ϕ

fJ = fJ−1 + dJ−1

fJ VJ = VJ−1⊕WJ−1 fJ−1 dJ−1

VJ−1 WJ−1

fJ−1 fJ−2 fJ
j

fJ = fj + dj + dj+1 + · · ·+ dJ−1,

fj ∈ Vj dk ∈ Wk
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